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PREFACE. 


THE  formulae  contained  in  the  following  pages  were  written,  as  their 
title  indicates,  for  an  original  paper,  which  was  read  before  and  discussed  by 
the  Boston  Society  of  Civil  Engineers, 

The  Soeiet^,  having  accumulated  a  number  of  original  papers,  appointed 
a  committee  to  examine  and  report  upon  the  expediency  of  having  them 
published.  After  much  consideration,  the  committee  reported  that,  with 
their  limited  resources  and  present  necessities,  it  would  be  improper  to 
incur  the  expense  of  printing,  but  recommended  an  early  publication  of  this 
paper  ;  and  for  that  purpose  the  manuscript  has  been  placed  in  the  hands 
of  the  publisher. 

Notwithstanding  the  obvious  importance  of  constructing  the  curves  of  a 
railroad  upon  the  best  practical  locations,  and  giving  to  their  forms  or 
alinement  the  greatest  degree  of  regularity  practicable,  the  investigation,  or, 
which  is  more  probable,  the  publication  of  anything  like  a  system  of  con- 
venient formulae  to  aid  the  young  engineer,  and  such  others  as  have  not 
had  the  advantage  of  a  good  mathematical  education,  in  the  proper  perform- 
ance of  this  character  of  work,  it  is  believed  has  not  yet  found  a  place 
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upon  the  shelves  of  our  libraries  or  hook-stores.  To  supply  this  deficiency 
in  the  library  of  the  civil  engineer,  particularly  the  railroad  engineer,  is 
the  object  of  the  present  paper. 

It  is  not  pretended  that  all  the  formulae  contained  in  this  paper  are 
original.  The  principles  which  have  governed  the  investigations  for  com- 
puting the  elements  required  for  tracing  curves,  where  their  localities  are 
such  as  to  admit  of  the  most  simple  and  convenient  methods,  have,  it  is 
believed,  been  published,  and  are  known  by  most  engineers  who  have  been 
engaged  in  the  construction  of  railroads,  since  the  commencement  of  the 
railroad  system.  Neither  is  it  pretended  that  the  system  of  formulae  is 
complete,  or  that  it  contains  formulae  suited  to  every  case  that  can  arise. 
The  writer  can  only  say,  that  after  considerable  experience  in  the  construc- 
tion of  railroads,  he  does  not  recollect  a  case  presenting  itself  which  would 
not  be  solved  by  some  one  of  the  formulae  ;  and  it  is  believed  that,  with 
slight  modifications,  such  as  any  geometer  would  be  able,  without  difficulty, 
to  make,  they  may  be  adapted  to  all  common  or  ordinary  cases. 

Curves  in  a  railroad,  unless  their  radius  be  very  large,  are  known  to 
be  objectionable ;  but  the  contour  of  the  surface,  the  existence  of  valuable 
buildings,  of  streams,  rivers,  ponds,  oceans,  etc.,  in  the  line  between  the 
points  which  it  is  desired  to  connect,  render  the  adoption  of  curves  neces- 
sary. It  is  likewise  a  well-established  fact,  that  the  greater  the  degree  of 
n-LMilarity  and  precision  exercised  in  the  construction  of  curves,  the  more 
v  and  easily  can  trains  be  run  over  them. 

The  main   objects  of  the   formulae   are  twofold;    viz.,  that   of  enabling   the 
neer  to   mark  out  the  curves  of  a  railroad  with   the    greatest  degree  of 
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precision  and  convenience,  and  to  locate  them  in  situations  the  most  desir- 
able. To  render  this  subject  clear  and  perspicuous  to  every  one  who  may 
have  occasion  to  locate  or  mark  out  curves,  upon  railroads  and  other  places, 
the  paper  is  commenced  with  the  investigation  of  the  most  simple  problems, 
which  are  succeeded  by  the  more  intricate;  each  case  being  illustrated 
with  diagrams,  and  accompanied  by  examples  of  computation. 

The  subject  of  switches  and  frogs  being  blended  with  the  elements  of 
turnout  curves,  has  been  considered  in  connection  with  them ;  and  in  their 
arrangement  the  same  objects  have  been  kept  in  view ;  and,  for  this  end, 
each  case  has  been  likewise  accompanied  with  a  diagram  and  an  example 
of  computation. 

To  render  the  work  more  useful,  there  have  been  added  formulae  for 
computing  the  cubic  contents  of  excavations  and  embankments,  and  a  formula 
for  computing  the  difference  in  height  to  be  observed  in  laying  down  the 
rails  upon  a  railroad  curve,  based  upon  its  radius  and  the  velocity  of  the 
cars. 

BOSTON,  December,  1850. 
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On  page  77,  ninth  and  tenth  lines  from  top,  for  "  =    90°  —  Sw 
+  i  (180°—  C)"  read  "  (90°+  Sw)  —  J  (180°—  C)." 

On  page  87,  seventh  line  from  bottom,  for  "==  r  +  J  h  -f-  d" 
read"r  —  ih  +  d." 

On  page  113,  second  line  from  top,  for  "S  75°  08'  35"-07  E  " 
read  "  S  75°  08'  35" -37  E." 

On  page  119,  fourteenth  line  from  bottom,  for  "We  then  dis- 
cover "  read  "  We  then  determine,"  etc. 
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( 1 )  COMMENCING  with  the  most  simple  operations  and  forms 
of  computations,  we  shall  assume  as  the  most  simple  of  railroad 
curves,  such  as  will  unite  two  direct  or  straight  lines  of  different 
hearings  in  such  a  manner  that  each  of  these  lines  will  hecome 
tangents  to  said  curve.  Having  run  these  straight  or  tangent 
lines  to  their  intersections  at  A,  (which  intersection  we  shall 
hereafter  term  their  apex,  see  Fig.  1,)  and  determined  the  magnitude 
of  their  angle,  we  then  proceed  to  determine  the  most  favorahle 
location  for  the  track.  In  order  to  do  this,  we  examine  the  contour 
of  the  surface,  and  select  the  position  we  think  the  most  favorahle 
opposite  the  angle  at  A ;  then  we  run  and  measure  from  A  to  this 
most  favorahle  place  for  the  track  heforc  selected,  in  a  direction 
that  will  bisect  the  angle  A;  that  is,  from  A  to  Sa,  and  this 
distance  we  represent  hy  b.  We  then  proceed  to  ascertain  a  radius 
for  the  curve,  which  slmll  pass  through  the  point  $.3  and  so  run  inlo 
the  straight  lines  that  they  shall  he  tjin^Mits  to  said  curte. 


4  USEFUL     FORMULA. 

Putting  r  for  the  radius  in  feet,  or  the  unit  of  measure; 

"        C  for  the  angle   at   the  centre  of  the  curve  corresponding 
with  the  subtense  of  its  aiv=  (ISO0  —  A  ;) 

"       t  for  tlie  distance  from  apex  to  the  points  of  commence- 
ments of  the  curve,  or  where  the  direct  line  becomes  a 
tangent  to  said  curve,  viz.,  from  A  to  T,  (See  Fig. ;) 
We   have   BUL  J  C  I  b  '.  I  sin.  (J  C  +  }  A)  I  t  =J^£±±J» 

and  cos.  1  A  :  t  ::  sin.  i  A  :  r  =J5-iiAi^c_±±AL!= 

tan.   J  A. b  cot.  J  C.  (1) 

Having  thus  determined  the  radius  of  the  desired  curve  for 
uniting  the  aforesaid  tangent  lines,  and  the  distance  from  their 
apex  to  their  tangent  points,  or  points  of  commencement  of  said 
curve,  we  will  now  proceed  to  investigate  some  of  the  most  simple 
and  practical  methods  of  locating  or  laving  out  the  same. 

(2)  We  consider  first  what  we  shall  call  the  method  of  de- 
flect ions.  To  explain  this  operation,  let  us  suppose  the  arc  or 
curve  to  he  divided  into  such  equal  parts  as  a  chord  of  the  length 
of  the  chain  contemplated  to  be  used  will  span.  AVe  have  in  the 
course  of  our  practice  generally  tised  for  this  purpose  a  chain  fifty 
feet  in  length;  as,  by  using  a  short  chain,  the  chords  and  the  arcs 
(if  the  radius  be  of  much  magnitude)  are  nearly  of  the  same  length, 
which  affords  a  great  convenience  in  determining  the  deflecting 
angle  corresponding  to  such  short  chords  (consisting  of  fractions 
of  the  chain)  as  it  will  frequently  be  found  desirable  to  use  at  the 
commencement  and  termination  of  curves,  that  we  may  be  enabled 
to  keep  up  a  continuous  notation  of  e<|ni-distan(  stations. 

Many  engineers,  I  am  aware,  use  a  chain  of  100  feet,  which, 
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if  the  radius  be  not  of  considerable  magnitude,  will  give  a 
perceptible  difference  between  the  length  of  the  chords  and  the 
corresponding  arcs  they  span.0 

To  determine  the  angle  of  deflection  corresponding  to  the  length 
of  the  chain  to  be  used,  we  represent  the  length  of  the  chain  by  cli; 
the  angle  of  deflection  by  D  ;  and  the  angle  at  the  centre  of  the 
curve,  corresponding  to  its  subtense,  by  C'. 

Supposing  T,  Si,=  the  chord  ch,  we  have  in  the  triangle  C  T  Si, 

\  (180°—  C')  =  the  angle  T  =  Si  ; 
Xow   as   the   angle  A  T  C  =  a  right  angle,  or   90°,  we   have 


Multiplying  by  2,  180°—  (180°—  C')  =  2D  ; 
Subtracting  180°,  and  changing  signs,  we  have 

2D  =  C'; 

Consequently,  D  =  J  C'  ;  (2) 

Bisecting  ch  we  have  r  :  E  :  :  \  ch  :  sin.  J  C'=  ±~  =  sin.  D       (3) 

It  sometimes  happens  that  we  wish  to  know  the  value  of  D  at 

the  commencement  of  our  computations  ;  expanding  the  foregoing, 

sin.  D  =  *  c*  cot  \A  ta"  *  c  (4) 

(  8  )  Having  thus  determined  the  angle  of  deflection,  we  now  are 
prepared  for  locating  or  marking  out  the  curve* 


Adjusting  a   ^uxl    theodolite   to  the  tangent  point  T,  with  its 
principal  telescope  (or  the  telescope  by  which  angles  are  determined) 

*  In   delineating  a  curve   by  the  method   of  deflections,  it  will  be  inconvenient   to  make  the 
stations  further  apart  than  the  length  of  the  chain  used. 
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pointing  in  the  direction  of  A,  and  with  its  watch  telescope  (all 
theodolites  should  "be  provided  with  watch  telescopes)  pointing  to 
any  convenient  well-defined  mark,  lay  off  the  angle  D,  and  then 
stretching  the  chain  from  T,  fix  its  terminus  Si  in  range  with  the 
principal  telescope,  the  point  thus  marked  will  be  in  the  curve; 
then,  laying  off  another  angle  of  deflection  which  will  read  upon  the 
instrument  =  2D,  stretch  the  chain  from  Si  to  82,  fixing  the  ter- 
minus at  82  in  the  range  indicated  by  the  main  telescope ;  the 
points  thus  formed  will  also  be  in  the  curve.  And  in  like  manner 
we  proceed  to  fix  the  points  Ss,  84,  Ss,  etc.,  until  the  curve  is  com- 
pleted ;  or,  as  it  more  frequently  happens,  as  long  as  the  contour 
of  the  surface  will  permit  us  to  see  distinctly. 

Let  us  now  suppose  an  obstacle  which  will  prevent  seeing  beyond 
Ss.  We  then  remove  our  theodolite  to  that  station ;  and,  after 
having  duly  adjusted  it,  with  its  main  telescope  pointing  at  the 
station  thus  left,  and  the  watch  telescope  to  some  convenient  mark, 
lay  off  an  angle  equal  to  180°,  minus  the  sum  of  the  deflections 
made  at  the  first  station,  plus  one  deflection.  Then,  stretching  the 
chain  from  the  station  where  the  theodolite  is  now  adjusted,  place 
the  other  terminus  in  range  with  the  principal  telescope,  as  here- 
tofore described.  Then,  proceed  in  the  manner  above  described,  to 
lay  off  deflections  and  chords,  until  you  connect  with  the  straight  or 
tangent  lines,  or  as  long  as  the  contour  of  the  country  will  admit, 
when  the  instrument  must  be  again  changed,  and  the  like  operations 
performed  until  the  whole  curve  is  completed.  If  the  curve  is  not 
measured  by  whole  chords  =  ch,  the  deflection  for  the  fraction  of  cli 
will  be  to  that  of  cJi  in  the  proportion  the  fraction  bears  to  a  whole ; 
which,  although  not  strictly  correct,  is  sufficiently  near  for  practice. 
We  here  remark  that  we  do  not  recommend  that  more  than  10  or 
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12  chords  of  50  feet  each  should  he  laid  down  with  the  theodolite 
at  one  station,  it  heing  conducive  to  accuracy  not  to  permit  a  o-n  -at 
difference  between  the  direction  of  the  chord  (ch)  and  the  direction 
of  the  pointing  of  the  telescope  of  the  instrument. 

(  4  )  We  have  .thus  endeavored  to  describe  a  practical  method  of 
laying  out  one  of  the  simplest  of  railroad  curves  which  shall  unite 
aight  lines  having  different  hearings;  hut,  as  there  is  a 
great  variety  of  methods  to  accomplish  this  end,  which  may  be 
resorted  to,  some  of  which  seem  to  possess  peculiar  adaptation  to 
certain  localities,  I  have  thought  it  would  not  he  uninteresting  to 
ribe  some  of  them,  believing  a  few  hints  of  this  kind  would  lead 
the  new  beginner  to  different  modes  of  reasoning  and  investigation; 
and,  if  he  possesses  a  tolerable  knowledge  of  the  elements  of  plain 
geometry,  he  will  be  able  always  to  select,  if  not  the  method  best 
adapted  to  the  ei re u instances  of  the  case,  at  least  one  well  suited 
and  convenient. 

(  5  )   If  the  curve  be  of  large  radius,  (and  curves  cannot  well  be 
constructed  with  too   large  a  radius,)  and  its  location  suits 
contour  or  surface  of  the  country,  and   the  a|>.  )„>  lar^e,  a 

convenient  and  accurate  method  of  jinx-reding  will  be  to  divide 
•  •ur\e  into  a  series  of  segments  of  some  500  or  600  feet  each, 
as  may  be  thought  best ;  taking  care  as  far  as  possible  to  make  the 
-inns  of  each  segment  an  BVM  ittkm;     it  \\ill.  lm\\rver.  frc- 
<|ih -ntly  happen  that  the  number  of  i  he  stations  marking  the  tani:- 


•  In  the  location  ud  eonetntctioo  of  a  railroad,  It  bu  ben 

divide  the  centre  line  Into  equal  part*,  technically  called  stations,  which  contain  a  given 
of  the  write  of  neaeore  need  to  the  coMtroction.     In  the  United  Bute*,  the  foot  hu  been  taken 

for    tlaJ*    Unit    fftf  •Ka^n^nVffW.    nUati    l' 
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points  will  contain  a  fraction,  and  of  course  in  this  case,  the  segments 
should  contain,  besides  a  number  of  whole  chords,  the  fractional 
chord  the  case  requires. 

Having  determined  upon  these  preliminary  considerations,  we 
first  calculate  the  relative  position  of  points  on  the  line  between 
the  tangent  points  and  apex,  which  shall  correspond  to  radii  of  the 
curve  passing  through  the  termini  of  the  several  segments ;  also 
the  distance  from  the  points  upon  the  radii  of  the  curve,  together 
with  the 'angles  the  radii  made  with  the  tangent  lines;  the  points 
thus  computed  are  readily  determined  and  marked  with  a  good 
degree  of  accuracy,  and  become  instrument  stations,  from  whence 
the  intermediate  stations  are  readily  filled  up  as  before  described, 
by  chords  and  deflections,  with  less  liability  to  practical  errors 
than  the  preceding  method. 

(  6  )  If  the  curve  be  pf  large  radius  and  the  apex  angle  small, 
the  distance  of  the  tangent  points  from  the  apex  and  from  the 
tangent  lines  to  the  curve,  will  become  too  great  to  be  measured 
conveniently  with  a  proper  degree  of  accuracy  ;  under  this  condition 
of  the  case,  we  divide  the  curve  into  a  convenient  number  of  seg- 
ments, taking  care  as  before  to  have  their  termini  to  correspond 
with  the  even  statipns. 

Having  thus  determined  upon  the  divisions,  we  compute  the 
chords  and  angles  corresponding  therewith,  and  then  proceed  to  lay 
off  the  angles  with  great  care,  and  measure  the  chords  with  as 
great  a  degree  of  accuracy  as  is  practicable,  carefully  marking 
the  termini  of  each  chord.  If  the  chords  and  angles  when  laid 
down  correspond  with  the  tangent  points  and  tangent  lines,  we 
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proceed    to    put    in    the    intermediate    stations    by   adjust  ins:    the 
tin.  the  terminus  of  one  of  these  chords;  then,  pointing  to 

the  «»ther  terminus,  we  proceed  to  lay  down  the  intermediate  chords 
ami  stations  l»y  the  aid  of  deflections,  in  the  manner  docrihcd  in 
the  foregoing.  It  is  usual  to  fill  up  the  intermediate  stations 
formed  hy  two  of  tlie  primitive  chords  witliout  chan^in^  the  instru- 
ment :  having  done  this,  \\ e  move  our  instrument  to  another 
terminus  eommon  to  two  chords,  which  have  not  been  filled  up  with 
the  intermediate  stations,  and  in  like  manner  we  proceed  until  we 
;ilete  the  curve. 

(  7  )  If.  in  running  our  first  chords  until  we  have  exhausted  our 
computations,  we  do  not   tind  the-  work  to  correspond  witli  a  proper 

»f  ;uvuracy    to   the    tangent    points,   and   tangent    line-. 

make  a  connection  with   the  tangent  points,  and  carefully  ascertain 

the  length  of  the  chord,  and  the  magnitude  of  the  au^lo  with    the 

tangent    line:   and,  with   the  elements  thus  obtained,  we  recompute 

work,   and    determine    the    relative    ]>osition    of    the    tangent 

its,  and  fix  them   anew.      We  then  proceed   to   perform   the  work 

^  d..wn  the  primitive  cho--  ..ml   time:   \\hen.if  i!. 

have   been    no   mistakes   made,   the    \\ork    \\ill    prove    practically 
ami  rat--.      I  M'ldom    that  a  second   computation   \\ill   be 

i'-d  until  the  road  is  graded,  \\lien  the  :  DOB  upon 

to    he    identical   \\ith    the 
priniili\i-    in  tln-n.    a  ~tahli>hincni 

•iie  tan-j.-iit   jH.iuts,  become,  it'  M--t   ai.-«.lut.  !\    necessary.  «1 

Iff    >ur\.-\    \\a>    performed    \\ith    any    toh-rahl.- 
nd    tli.-  -rad in--  \\ell    tini-li.'d.  u<.  ditticully  will   be 
•  -I'd    in  •    UJM.II    the    graduated    n-ad 

•\". 
C 
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(  8  )  Having  thus  "briefly  described  the  principles  which  govern 
us  in  laying  down  simple  .curves,  we  would  now  introduce  an 
example,  accompanied  by  specimens  of  calculation  for  each  par- 
ticular case. 

PRACTICAL      EXAMPLES     OF    CALCULATIONS     SUITED     TO     THE 
CASES     DESCRIBED     IN      THE      FOREGOING     PAGES. 

Assuming  A  =  160°,  then  will  C  =  180°  —  A  =  20° 
b  =  132  feet 
ck  =  50  feet 


To  find  the  deflection,  we  have  (4)  sin.  D  =  •*  ch  C0t"  \  A  **"' 


Thus,          £  A  =  80°  00'  00"         ......  cot.  =  9-2463188 

i  C   =    5°  00'  00"         ......  tan.  =  8-9419518 

£  ch  =    25  feet               ......  log.  =  1-3979400 

b        =  132  feet  co.  ar.  ......  log.  =  7-8794261 


D      =    0°  10'02".64      sin.  =  7-4656367 

In  this  case  it  will  be  seen  that  D  =  0°  10'  02". 64  is  an  incon- 
venient angle  to  add  or  subtract,  or  even  read  upon  the  instrument ; 
we  therefore,  to  remedy  this  objection,  adopt  D  =  0°  10',  which 
will  not  materially  change  the  length  of  the  radius  or  the  location 
of  the  curve.  This  change  requires  that  we  base  our  calculations 
for  determining  the  elements  needed,  upon  D  =  0°  10' ;  therefore, 
to  find  the  radius  we  have 

Sin.D:icA::E:r  =  J^D  (5) 

and  to  find  t  we  have 

Cos.  I  C  :  r  : :  sin.  £  C  :  t  =  tan.  \  C .  r  (G) 

(representing  by  t  the  distance  from  the  apex  to  the  tangent  point, 
or  from  A  to  T  on  the  diagram.) 
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D     =    0°  1(V  co.  ar.  •  .  •  • 

lOg.  1-OV/»*W 

sin.  =  2-5362745 

log.  =  3-9342145 
tan.  =  9-2463188 

Thpn                                     1    p   ino   Oft'    Oft" 

/           =    1!  !H!i.  42  fort-  • 

W.  =  A.iftn.\.ia.i 

Having  thus  ascertained  the  radius  r  =  8594  •  38  feet,  and  the 
distance  from  apex  to  tangent  point,  (t=  1515*42  feet,)  we  now 
proceed  to  find  b.  By  analogy  we  have 

Sin.  (i  C  +  J  A)  :  t  ::  sin.  J  C  :  &=~^FA)  =  *  tan.  J  C  (7) 

Then,    ......      t       =  as  above,  ....     log.  =  3-1805333 

C  =  5°  00>  00"  ----     tan.  =  8-9419518 


b      =  132-58  feet         •••     log.  =  2-1224851 

At  commencement  ) 

[  6  =  132-00  feet 
we  assumed         ) 

Difference,  ----  =      0  •  98  feet 

Thus  it  appears  that  the  change  of  the  radius  to  cause  it  to 
correspond  with  D  =  0°  Itf  will  only  change  the  location  of  the 
curve  from  the  position  designed  for  it  0'58  feet;  a  quantity  too 
small  to  be  generally  accounted  an  v  thing  in  choosing  the  position 
of  a  curve. 

We  now  proceed  to  find  tin-  length  of  tin-  mrve.     Putting  / 
an  arc  in  seconds  =  radius,  and  C"  for  the  number  of  seconds 
contained   in  tin-  n-ntn-  angle  which  measures  the  rur\  ..  and  >i  tin- 
arc  subtending  the  angle  C',  we  have  by  analogy 

/':r::C':a=:r-^  (8) 

Thtt,        r    —  8594*38  feet  log.  —  3.9342145 

C"  —  7200"  log.  —  4.8573325 

co.  AT.  log.  —  4.6855749 

a     —  .1000.00  fett  log.  —  3.4771219 
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.  that  we  may  show  this  matter  as  complicated  as  it  is 
generally  ton  ml  in  practice,  let  us  suppose  the  pin  at  T  marking 
the  first  tanirent  point,  to  hi-  nn  in  bored  14O38;  the  integer  repre- 
senting the  whole  number  of  the  stations,  and  the  decimals  the 
fractional  part  of  the  space  beyond  station  1  1<>.  We  have  found 
the  length  of  the  arc  a  equal  30  whole  stations;  which,  added 
to  140.38,  gives  170-38  for  the  number  of  the  other  tangent 
tion  T. 

(9)   Lot  us  now  proceed   to  show  the  method  of  laying  out    the 
curve  by  the  method  of  a  series  of  long  chords  corresponding  to 
about  750  feet  nf  the  arc,  which   we  afterwards  till  Up  by  simple 
•ions  and  ."iO  feet  chords  =  <•//. 

In   the  first  place  we  have  supposed  the  tir>t  tangent  pin  to  bear 

the  number  1  ln-;|S;   if  we  now  add  7  •  l'J  stations,  it  will  make  the 
i 
number  1  17.  ."•<);   therefore  our  first   chord  AN  ill  extend  from  stir 

140-38  to  station    147-50,      We   now   add    7  •:,«  »  stations  to  station 
1  17  -~>n.  which   i!  •  numlH-r  1  .V,  ;   therefore  our  second  chord 

.ition   147*60   to  station    155.      We   then    add   7'50 
stations  to  station    1.V1,  which    increases  the   number  to 
th«  "  '•  third  chord  extend*  fn.m  Nation  1  .*,.*.  to  ir.'J  -."»0.     We 

now  add  7*88  stations  to  IfrJ  •".<»,  \\hi.-h   increas.-s  the  numl»er  to 
1  7'»  :$8,  and  brings  us  to  the  tangent  point  T. 


MM  -t,   (which    is    practically  the  same 

b  Mirth  of   the  arc  it  spans  when    the    radiin   i-  ible 

Ue     nm-t       llou       pr,K-r,-d      In     de|,.|-!llilie      l||,        |,  ••  ill.' 

several  long  chords  we  luv  di\i.led  kheait  int-».    (See  die  diagram 
on  tli.>  opposite  page.) 
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Our  first  long  chord  corresponds  to  712  feet  of  arc.  We  now 
propose  to  find  the  centre  angle  which  it  subtends  by  the  following 
formula. 

Kepresenting  the  arc  by  a  and  the  centre  angle  in  seconds  by  C", 
we  have 

r  :  r"  : :  a  :  C"  =  ^  (9) 

and  further  we  have 

Cos.  -I  C"  :  r  : :  sin.  C"  :    Cft°=  |^  (10) 

Thus,      r    =  8594-38  feet  co.  ar.        log.  =  6-0657855 

a   —    712-00  feet  log.  =  2-8524800 

r"  =  log.  =  5-3144251 

C"  =   17088"  log.  =  4-2326906 

C"  reduced  to  degrees  and  minutes  =  4°  44'  48''  sin.  =  8-9177692 

£  C"    "  "  "        =  2°  22'  24''      ar.  co.      cos.  =  0-0003719 

r    log.  =  3-9342145 

First  chord  =  Ch  =  711  -  79  feet     =  log.  =  2  -  8523556 

The  arc  corresponding  to  the  succeeding  chord  is  750  feet  long, 
and  is  composed  of  15  whole  deflections,  and  each  deflection  being 
10',  the  centre  angle  will  be  equal  to  twice  that  number  of  deflec- 
tions, or  300',  which  amounts  to  5°  00'  00". 

Now,  by  formula  (10)  we  have 

We  distinguish  the  primitive  or  long  chords  by  Ch  in  contradistinction  with  the  50  feet  or 
deflecting  chords,  which  are  represented  by  ch. 
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C''     in  degrees  =  5°  00'  00"  sin.  =  8-9402960 

£  C"  in  degrees  =  2°  30'  00"  co.  ar.  cos.  =  0-0004135 

r=     log.  =  3-9342145 


Second  chord  =  749-763  feet        log.  =  2-8749240 

Third  chord,  of  course,  will  be  of  the  same  length,  viz.,  749*763. 

The  arc  corresponding  to  the  fourth  chord  is  788  feet  long,  and 
e  find  C"  and  Oh  by  formula  (9)  and  (10) 

Thus,     ..-.     r    co.  ar.    log.  =  6-0657855 

a    =  788  feet  log.  =  2-8965262 

r" log.  =  5-3144251 


C"  =  18912"  log.  =  4-2767368 

C"    reduced  to  degrees  and  minutes  =  5°  15'  12"  sin.  =  8-9617037 

iC"      "        "        "         "        "        =  20  3 7' 36" co. ar. cos.  =  0-0004554 
r    =  log.  =  3-9342145 


Fourth  chord  =  Ck  =  787-723  feet  log.  =  2-8963736 

We  have  not  attempted  to  make  the  foregoing  calculations 
strictly  exact ;  our  angles  being  always  taken  to  correspond  with 
tin-  nearest  second,  which  in  most  cases  gives  a  greater  degree  of 
accuracy  than  we  ran  practically  e.\,v; 

(10)  Having  thus  computed  tin-  centre  angles  and  chords 
corresponding  with  the  proposed  division  of  the  arc,  we  will 
endeavor  to  give  the  method  of  laying  out  the  work. 

In   th.-  first  place  we  will  determine  the  angles  at  the  Uu 
points,  and  the  several  stations  which  are  to  mark  the  termini  of 

the  divisions  of  chords. 
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Commencing  at  the  tangent  point  numbered  140-38,  our  first 
operation  is  to  determine  the  angles  in  the  several  triangles,  viz. ; 
T  C  1,  1  C  2,  2  C  3,  3  C  T'.  (See  Fig.  2.) 

The  angle  C",  which  we  have  determined,  will  correspond  to  C, 
and  in  triangle  T  C  1,  C  =  4°  44'  48",  (see  section  9,)  each  of 
these  triangles  being  isosceles,  and  having  computed  their  centre 
angles,  we  have  only  to  deduct  them  from  180°,  and  half  the 
remainder  will  be  the  value  of  each  of  the  remaining  angles.  Now, 
calling  triangle  T  C  1  No.  1,  and  1  C  2  No.  2,  and  2  C  3  No.  3, 
and  3  C  T  No.  4,  we  proceed  to  find  their  angles  in  the  order  we 
have  named  them. 

DETERMINATION    OF    THE    ANGLE    AT    FIRST    TANGENT    POINT,    OR    T. 

The  angle  at  centre  of  curve  for  triangle  No.  1  =  4°  44'  48" 
and  i8oo^.4044M8"  =  87o  gr  3(r  =  angle  at  T?  or  at  gta_ 

tion  140-38  and  147-50. 
"     angle  at  centre  of  curve  for  triangle  No.  2  =  5°  00'  00" 

and  1800-52000^^87°  30'  =  angle  at  stations   147-50 

and  155. 
"     angle  at  centre  of  curve  for  triangle  No.  3  =  5°  00'  00" 

and  iM=|^w  =  87°  30'  =  angle  at  stations  155  and 

162-50. 
"     angle  at  centre  of  curve  for  triangle  No.  4  =  5°  15'  12" 

and   ™^J*u?  =  87°  22'  24"-=  angle   at   stations 

162-50  and  170-38. 

Having  thus  prepared  the  angles  for  the  several  stations  above 
named,  and  for  the  purpose  of  rendering  our  description  easier  to 
be  understood,  we  arrange  them  in  their  order,  as  in  the  foregoing 
diagram. 
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(11)  Having  thus  represented  our  work  as  shown  in  the  dia- 
gram, we  now  proceed  to  ascertain  the  angles  at  the  termini  of 
the  several  chords.  Thus, 

At  T,or  station,  .-•.  140-38  =  90°  +  87°  37'  36"        =  177°  37'  36" 

--..147.50  =  87°  37'  36"  -f  87°  30>=  175°  07'  36" 

•2,          u  ..-.155-00  =  87°  30>  +  87°  30>          =  175°  (XX  00" 

"3,          "  162-50  =  87°  30'  -f  87°  22'  24"=  174°  52>  24" 

tt   T»,       u  ..-.170-38  =  87°  22'  24"  +  90          =  177°  22/  24" 


Having  ascertained  the  angles  for  each  station,  which,  for  con- 
venience, wr  write  upon  the  several  radii  connecting  said  stations 
with  the  centre  of  the  curve  in  the  diagram,  we  proceed  to  compute 
tli.-  length  of  the  several  chords  which  span  their  respective  arcs; 
onnnienrin;;-  with  triangle  TCI,  which  is  called  No.  1,  and  pursuing 
the  calculations  in  the  order  shown  in  the  diagram.  Thus, 


a 

o    - 

<  I 


8  ' 

3    2 


I 


a 

» 


T    =  87°  37'  36"  ....  co.  ar. 
r     ==  8594-38  feet 
C    =    4°  44'  48" 

d  =  711-79  feet  ." 


sin.  =  0-0003727 
log.  =  3-9342145 
gin.  =  8-9177692 


=  log.  =  2*8523564 


1      =  87°  3<X  00"  ....  oo.  «r.  ....  tin.  =  0-0004135 
r     =  log.  =  3.9342145 


C    -r    6°  (XX  00" 

C»  —  749-76  feet 


•in.  =r  8- 9401960 


24" 


3     —  87® 

r    —  • 

C  —  6°  W  IV 

Ck  —  787-  72  feet 


co.  ar. 


log.  —  2-8749240 

sin.  —  0-0004565 
log.  —  3-9342145 

.in.  -  s.«.i.;i7n:i7 


—  log.  —  2-8963747 

(12)   ll.i\  ing  thus  prepared  our  work,  we  proceed  to  adjuat  tin- 
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theodolite  to  station  T,  or  according  to  the  locating  stations,  to 
No.  140-38,  with  its  principal  telescope  pointing  in  the  direction  of 
the  line  of  the  road;  which,  it  is  presumed,  has  been  properly 
marked.  Then,  laying  off  an  angle  of  177°  37'  36",  we  measure 
in  the  direction  indicated  by  the  telescope,  711*79  feet  to  1  or  to 
station  147-50;  then,  moving  the  instrument  to  147*50,  and 
pointing  the  principal  telescope  to  T,  we  lay  off  an  angle  of 
175°  07'  36",  and  measure  in  the  direction  indicated  749-76  feet 
to  2  or  station  155.  Then,  moving  the  instrument  to  station  2  and 
pointing  at  1,  we  lay  off  an  angle  of  175°,  and  measure  in  the 
direction  indicated  749*76  feet  to  3  or  to  station  162*50.  Then, 
moving  the  instrument  to  3  and  pointing  at  2,  we  lay  off  an  angle 
of  174°  52'  24",  and  measure  in  the  direction  indicated  787*72  feet 
to  1"  or  to  station  170*38  ;  which,  if  our  angles  and  measures  bring 
us  direct  to  T'  or  near  to  it,  we  presume  the  work  to  be  correctly 
done.  We  should,  however,  before  pronouncing  the  work  correct, 
place  our  instrument  at  T',  and  pointing  the  telescope  to  3,  lay  off 
the  angle  with  the  line  of  the  road,  and  if  this  agrees  with  the 
computed  angle,  I  think  we  may  then,  without  hesitation,  pronounce 
the  work  correct. 

But,  if  our  angles  and  measures  do  not  bring  us  direct  to  T'  or 
near  by  it,  we  then  point  our  telescope  to  T',  and  ascertain  the 
angle  indicated  by  the  instrument,  and  measure  the  distances  as 
correctly  as  we  can,  which  we  duly  note  down  in  our  field  book.  We 
then  move  to  T'  with  our  instrument,  and  pointing  its  telescope 
to  3,  we  measure  the  angle  with  the  line  of  the  road,  which  we  also 
note  in  our  field  book. 

With   the   data   thus   obtained,   we   proceed   to   recompute   the 


CURVE      FROM      SUPPOSED      FIELD      NOTES.  19 

elements  of  a  curve  that  will  unite  the  two  lines  without  materially 
varying  the  location  of  the  track  from  the  points  which  we  have 

(13)   In    order  to   show  practically  the   performance  of  these 
operations,  we  will  make  up  the  following  as  the  field  notes  of  a 
•or  locating  the  curve  above  described. 

Commencing  at  T  with  instrument  pointing  in  the  direction  of 

we  laid  off  the  angle  177°  37'  36"  and  measured  711-79  feet  to  station    1 

At  station  1    we  laid  off  the  angle  175°  07'  36"  and  measured  749-76  feet  to  station    2 

«           2              «              «  1750  (xx  oo"  «             749-76               "              3 

"3              "               "  175°  W  00"  "             751-51               «             T 

«          T              «              "  177°  W  48"  in  the  direction  of  road. 


SOB,    .    .    .    .   880°  W  00" 

Having  obtained  the  nVhl  notes  of  our  traverse,  our  first  operation 

will  be  to  d»'du<v  from  them  the  anije  at  apex,  and  at  the  centre  of 

thecurv.      We  here  remark  that  the  sum  of  the  an^le.  at  apex  and 

centre  of  the  curve,  always  amount  to  180°,  and  of  course  ono 

must  be  a  supplement  to  the  other. 

To  ascertain  cither  «»f  the  angles,  viz.,  at  the  apex,  or  at   the 

OCntre  niulffi    might    be    deduced,   but    it    i-   presumed 

is  as  convenient  a  nbtract  the  sum  of  all 

the  angles  from  as  manv  times  180°  as  there  arc  angles,  and  the 
remainder  will  !*•  tin-  anirh'  at  the  centre  ,,f  the  cm 

II  IN-  -••••II  th.ti  I   in  our  tit-Id  1 k  five  angles, 

whote  sum  amounts  to  880° ;  now  5  X  180  =  900;  and  900  — 880 
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=  20°  =  the  angle  at  the  centre  of  the  curve,  which  compares  with 
the  angle  we  had  formerly  ascertained. 

Our  next  step  is  to  ascertain  the  relative  position  of  the  present 
points  T  and  T  with  respect  to  A,  and  also  the  position  they  should 
occupy  to  suit  the  radius  we  have  heretofore  deduced. 

We  know  of  no  more  convenient  method  of  determining  this 
problem,  than  by  working  up  the  traverse,  (as  the  ship  captains 
call  it,)  and  for  that  purpose  we  will  assume  the  line  of  the  road 
extended  from  T  to  apex,  whatever  may  be  its  direction,  as  bearing 
due  north,  and  predicate  the  bearings  of  the  other  lines  upon  it,  as 
indicated  by  the  angles.  Thus, 

Angle  at  T  =  177°  37'  36"  and  180°  —  177°  37'  36"  leaves  2°  22'  24"  N.  W.  to  1 

"  "  1  =  175°  07'  36"  =  3520  45'  12"  and  (2  X  18QO)  —  352°  45'  12"  =  7°  14'  48"  "  2 
"  "  2  =  175°  00'  00"  =  527°  45'  12"  "  (3  X  180°)  —  527°  45'  12"  =  12°  14'  48"  "  3 
"  "  3  =  175  OQO' 00"  =  702  045' 12"  "  (4  X  180°)  —  702  o  45'  12"  =  17°  14'  48"  "  T' 
"  "  T'  =  1770  14'  48"  =  8800  00'  00"  "  (5  X  180  0)  —  880°  00'  00"  =  20°  00'  00"  " 

being  the  direction  of  the  road. 

Computing  the  northings  and  westings  of  the  foregoing  traverse, 
we  have 

No.  1.    N.  W.  2°  22'  24"     sin.  =  8.6171119  cos.  =  9*9996273 

71 1-79  feet    log.  =  2-8523458  log.  =  2-8523458 

29-475    "    log.  =  1-4694577    7 11- 17  feet  log.  =  2-8519731 

No.  2.    N.  W.  7°  14'  48"     sin.  =  9-1008572  cos.  =  9-9965171 

749- 76  feet    log.  =  2-8749223  log.  =  2-8749223 


94-576    "    log.  =  1-9757795     743- 77 feet  log.  =  2-8714394 
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No.  3.    N.  W.  12°  14'  48"     sin.  =  9-3265833 
749-76  feet    log.  =  2-8741^23 


cos.  =  9-9900028 
log.  =  2-8749223 


159-04     u      log.  =  2-2015056     732-70  feet   log.  =  2-8649251 


No.  4.    N.  W.  17°  14>  48"     sin.  =  9-4720042 
7 :» 1  -  5 1  feet    log.  =  2  -  8759348 


cos.  =  9-9800203 
log.  =  2-8759348 


822.814    «    log.  =  2-3479390     71 7 -72 feet  log.  =  2-8559551 

Then,  summing  up  the  computed   northings   and  westings,  we 
have  as  folio 


BEVBIXO. 

DISTANCE. 

NOBTHINO. 

WMTIHO. 

From  T  to  No.  1  = 

o     /     n 
N.  W.  2  22  24 

711-79 

711-17 

29-475 

1      «       2  = 

"       7  14  48 

749-76 

743-77 

94-576 

u       2      **        3  s^ 

"     12  14  48 

749-76 

732-70 

159-040 

«       3       «        4  = 

"     17  14  48 

751-51 

717-72 

222-814 

Total    — 

2905-36 

505-  9O5 

J.UUU, 

Having  summed  up  the  traverse,  we  now  proceed  to  liml  the 
bearing  and  distance  from  T  to  T. 

Putting  N  =  the  sum  of  the  northings,  and  calling  it  the  cos. ; 
W  =  "       westings,  "  "       sin.  : 

C  =  tin-  Inuring  sought ; 
D  =»  the  distance  from  T  to  T. 


analogy  the  following  r«iniiiil,r  : 

N  :  W  ::  II  :  fcttL  C1  =  % 

\\    ::    II    :    h         =pi' 

or  coe.     C  :  N  : :  U  :  D       = 


(A) 


[FiG.     3.] 


TESTING      COMPUTATIONS. 

rming  the  computations  indicated,  we  have 

W=  505-905        log.  =  2-7040690 

N  =2905-36    co.  ar.  log.  =  6-5368001 

C  =  9°  52'  40"       tan.  = 


C    =  9°  52'  40"  co.  ar.  ........  sin.  =  0-7656168 

W  =  ........  log.  =  2-7040690 

D    =  2949-08  feet  ........  log.  =  3-4696858 

now  have  in  tlu>  triangle  ATT,  the  side  TT  and  the  data  for 
finding  tlu>  unknown  angles.0  Then,  to  find  the  distances  A  T  and 
AT  uf  i 

sin.  A  :  D  :  :  sin.  T  :  A  T'  =  ^£ 
and  nn.  A  ;  D  ::  sin.  T  :  A  T  = 


To  prevent  confusion  in  our  diagram,  or  to  render  our  work  more 
plain,  wo  nmnsinu-t  the  figure  of  the  triangle  ATT.  (See  figure 
on  prcccdin- 

To  perform  the  computations  indicated,  \\»-  have 

A  =  160°  00'  00"  co.  ar.    ........  sin.   =  0-4659483 

D  =  2949-08  feet  ........  log.  =  3-4696861 

T'  -B  10°  07'  20"  ........  sin.  «  9-2448918 


A  to  T  =  1515-396  feel  ••••  log.  =  3-1806262 

8«n  of  logt.  of  A  and  D  —  -  log.  —  3*9366344 

T  —  9«  62*40"  ...  BIB.  —  9-2343832 


A  to  T'  —  1479-7  feet  —  log.  —  3-1700176 

TIM  data  for  flndtaf  ihe  unknown  infta  art  (he  relative  bctrinfi  of  UM  *)<• 
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Having  thus  computed  the  distance  from  apex  to  the  points  T 
and  T',  we  will  now  ascertain  the  length  those  lines  should  be  to 
suit  the  contemplated  radius  ;  thus  we  have 

Cos.  J  C  :  r  ::  sin.  \  C  :  t  =  tan.  J  C.r 

r        =  8594-38  feet     log.  =  3-9342145 

£  C  =  10°  00'  OO'f     tan.  =  9-2463188 

t        =  1515-42feet     log.  =3-1805333 

t  in  the  present  case,  as  in  our  former  notation,  represents  the  dis- 
tance required  from  A  to  T  and  also  from  A  to  T',  to  suit  the  con- 
templated curve,  which  in  the  present  instance,  has  a  radius  of 
8594-38  feet,  and  an  apex  angle  A  =  160°. 

It  appears  from  the  above  computations  that  T  should  be 
moved  from  the  apex  1515-42  --  1515-396  =  -024  feet,  which 
amount  in  practice  is  so  small  that  we  should  consider  T  correctly 
located,  and  doubtless  our  calculations  would  have  given  its  location 
exact,  had  we  been  careful  in  the  management  of  the  fractions ; 
but  it  is  not  so  with  T.  The  computations  show  that  T'  should  be 
moved  from  apex  1515-42  --  1479-17  =  36-25  feet.  After 
having  moved  T  from  apex  36*25  feet,  in  the  direction  of  the 
line  of  the  road,  there  will  be  no  doubt,  if  the  previous  traverse 
upon  which  the  calculations  have  been  based,  has  been  correctly 
measured,  that  the  contemplated  curve  could  be  accurately  located 
between  the  tangent  points  as  corrected. 

The  above  calculations  have  been  based  upon  a  traverse  consist- 
ing of  chords  of  an  arc  correctly  laid  down,  with  the  exception  of 
the  last  course ;  but,  had  the  traverse  been  a  random  one,  the  results 
arrived  at  would  have  been  equally  exact,  with  only  this  difference, 
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that  the  points  T  and  T  would  not  probably  have  been  found  so 
their  proper  location. 

The  practice  explained  above  will  be  found  useful  in  locating 
I  by  the  side  of  rivers,  ponds,  oceans,  mountains,  rough  sur- 
faces, etc.  ;  in  short,  wherever  it  is  found  inconvenient  to  run  the 
linos  to  their  intersections,  or  to  apex,  and  to  measure  there- 
from to  the  points  T  and  T.  In  running  traverses  for  the  purpose 
of  obtaining  tin*  elements  lor  the  location  of  curves  under  the  con- 
ditions suggested  above,  it  will  be  found  convenient,  if  not  abso- 
lutely n.ves.-ary,  that  some  portion  of  the  traverse  should  be  so 
made  as  to  give  the  relative  position  of  such  points  as  the  contour 
of  the  surface  or  other  considerations  may  render  it  desirable  that 
the  location  should  pass  through.  We  now  proceed  to  give  a  prac- 
tical example. 

(14)  The  following  practical  example  supposes  the  direct  or 
straight  lines  to  be  united  by  the  curve,  to  have  been  located  and 
marked  by  some  convenient  device,  and  the  an  i  below  to 

have  been  measured  by  a  common  theodolite,  and   the   lines  by  a 
chain,  thus  :  ° 

i    notes  of  a  tra\er>e   f,,r  obtaining   the  eh-nieiit  <  of  a  curve 
.iiin<_T  the  linos  T  and  T. 


Commencing  at  station  0,  corresponding  in  the  diagram  to  T, 


wovld  MM  to  W  oACAlled  for,  M  It  c«n  make  «o  dlflbrenoe  In  the  ( 

umverw  to  obutaed  by  mmmot 
aatttr  to  •  dlftrMt  form.    Tbe  writer  h»*  hud  • 


of  CWH  Uui  cooW  MI  h«r«  ton  wcO  y<rfcm«d  to  My  other  i 
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with   telescope  pointing  in  the  direction  of  the  located  line,  we 
measured  as  follows,  viz. : 

ANGLES.  DISTANCES. 

0     I      H  (  The  curve  should  pass  through  or 

Station  0  =  169  29  45  =  1200  feet  to  station  1  <     near  this  point,  which  of  course 

(     governs  the  radius. 
"        1  =  170  00  15  =    900    "  "         2 

"        2  =  175  04  30  =     750     "  "          3 

"       3  =  1644010  =  1525    "  "         4  corresponding  in  diagram  to  T' 

«       4  =  140  45  20  =  in  the  direction  of  the  located  line  of  the  road. 

820  00  00 
180  X   5    =  900  00  00 


80  =  angle  at  centre  of  curve. 

Assuming  the  line  from  T  to  A  as  hearing  due  north,  whatever 
its  course  may  be,  we  deduce  the  following  relative  courses  for  the 
several  lines  of  the  traverse,  and  by  formula  (A)  ascertain  the 
relative  bearing  from  T  to  T'. 


STATION 

BEARINGS. 

DISTANCES. 

NORTHINGS. 

WESTINGS. 

0 

to  1  =  N.  W. 

10° 

30' 

15" 

1200 

1179 

•  890 

218 

•7685 

1 

«  2  =   " 

20° 

30' 

00" 

900 

843 

-005 

315 

•  1866 

2 

«  3  =   « 

25° 

25' 

30" 

750 

677 

-361 

321 

-9970 

3 

«  4  =   " 

40° 

45' 

20" 

1525 

1163 

-197 

995 

•  5700 

3863-453       1851-5221     log.  =  3-2675289 
3863-453       log.  =  3-5869756 


Relative  bearing  from  T  to  T'  =  N.  W.  25°  36'  20"- 22   tan.  =  9-6805533 

Having  thus  obtained  the  bearing  from  T  to  T',  we  now  proceed 
compute  the  distance ;  by  formula  (B)  and  (C)  we  have 

Sin.  C  :  W  ::  R  :  D  =  ^V    or 

Cos.  C:  N  ::  R:  D  = 


DISTANCB      TANGENT     TO      APEX.  27 

In  these  analogies,  C  represents  the  course  from  T  to  T  ;  W  the 
ing;  N  the  northing;  D  the  distance. 

\\ .    t're.jiiently.  as  we  shall  in  the  present  instance,  use  hoth 
formula,  for  the  purpose  of  proof. 

W  =  1851-5221  log.  =  3-2675289    II    N  =  3863-453  log   =  3-5869756 

C    =  25°  36'  20".22  gin.  =  9-6356588         C   =  25°  36'  20".22  cos.  =  9-9551055 


D   =  4284-2  feet        log.  =  3-6318701    ||    D  =  4284-2  feet        log.  =  3-6318701 

Our  next  step  in  practice  is  to  ascertain  the  distances  from  T  and 
T  respectively  to  the  point  where  the  direct  lines  would  intersect ; 
or,  in  other  words,  to  the  apex. 

We  have  ascertained  the  angle  of  the  centre  of  the  curve  to  be 
80°.  Of  course  the  angle  at  apex  will  he  100°.  The  hem -inirs 
which  we  have  ascertained  also  indicate  the  angles;  thus,  in  the 
imaginary  triangles  we  are  about  to  solve,  we  have  supposed  the 
•  •in  'I'  to  A  to  bear  due  north.  Then.  hy  computation,  the 
line  from  T  to  T  bears  N.  W.  25°  36'  20".2i>,  which  -iv, •>  the 
angle  at  T  the  same  number  of  degrees  as  the  bearing.  I-'mm  the 
traverse  or  the  table  of  angles,  in  our  field  notes,  we  de<lu<e  the 
bearing  of  the  located  line  from  T  to  be  N.  W.  80°  W  00". 

HMM  tarings  indicate  the  following  angle*,  rix^     at  A  =  100°  00*  00"  .00 
AJ  before  titled,  at  T   =    25°  36'  90".SS 

I  '  =•    54°  a**  39".78 


3am  =  180°  00'  oo".oo 


i  tlH*eanglei,an«I  il.-  dktaaee  in.m  T  kol        l>.  ti.- 
tances  T  A  and  T  A  are  readil\  t<M,n.|  .  thus, 


[Fia.     4.] 


MEASUREMENT      TAN«;r.  N'T      TO      A  P  1.  X  . 

sin.  A  :  D  : :  sin.  T  :  A  T  ) 
and  sin.  A  :  D  : :  sin.  T  :  A  T  ) 

A       =  100°  00>  00"     ar.  CO.    sin.   =  0-0066485 

D       =  4284-2  feet  log.  =  3-6318701 

T       =  54°  23'  39".78  sin.   =  9-9101139 


A  T  =  3536-98  feet  log.  =  3-5486325 

Again,    A        =  100°  00'  00"    co.  ar.  sin.  =  0.0066485 

D        =  4284-2  feet  log.  =  3-6318701 

T         =  25°  36>  20".22  sin.   =  9-6356588 


A  T'  =  1880-085  feet  ........    log.  =  3-2741774 

tlu»  triangle  A  Ti  (see  diagram)  wo  have  by  our  measurement 
and  computations  tin-  sides  A  T  =  3536*98  fret,  and  1  T—  li'nn 
feet  with  their  included  angle  =  10°  30'  15''  to  find  A  1  and  the 
unknown  angles. 

nee  in  the  enunciation  of  the  formula,  let  A  T  =  a, 
1  T  =  6,  C  =  the  given  angle,  and  A  and   \\  the  unkn<>\\  n   angles  ; 

resenting  the   unknown   an^le  o])]x»>it«'   the  >i»le  <i.  and  lithe 
uiiknti\\ii    an^le  opposite    the    side   1.      We    then    have  a  -f-  b   : 
a~»b  ::  tan.  1(180°—  <  )  :   tan.  \  (A  •*  \\)  and  .J  (lsd°  —  C)  + 

^  B)  =  the  angle  opposite  the  longest  side,  and  }  (180°  — 
(')  —  J  (A  oo  B)  =  the  angle  opposite  the  shortest  side. 


In  the  calculations  \\liidi  follow  we  diaiine  tin-  -\nil»..K  from 
those  given  in  the  formula,  so  aa  to  have  them  conform  to  the 
letters  and  figures  given  upon  the  diagr 
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AT 
1  T                 = 

Sam                 = 
Diff.                  = 
£  (180°—  T)  = 

J(Acol)        = 

3536-98      Given  angle  T 
1200 

180  o  00'  00" 
=            100  3<X  15" 

Z)  1690  29/  45" 

840  44/  52".5 
log.  =  6-3244984 

log.  =  3-3686550 
tan.  =  1-0365722 

79°  26'  43".  14 

tan.  =  0-7297256 

Z_at  1 
l_  at  A           = 
Given  j_  at  T 

164°  11'  35".  64 
5°  1&  09".  36 
10°  30'  15"  -00 

180°  00'  00". 00 


L.  at  1 
AT 
T 
Al 


164°  IV  35". 64  co.  ar. 
3536-98  feet 
10°  30'  15" 
2367-21982  feet 


sin.  =0-5648026 
log.  =  3- 5486326 
sin,  =9-2608034 


log.  =  3-3742386 


A 

Tl 
T 


Proof,       = 


5°  18'  09". 36  co.  ar. 
1200  feet 
10°  30'  15" 
2367-21982  feet 


sin.  =  1  •  0342539 
log.  =  3.0791812 
sin.  =9-2608034 


log.  =  3-3742385 


Having  obtained  all  the  elements  of  the  triangle  A  1  T  we  rep- 
resent the  side  A  1  as  found  above  in  feet,  or  in  general  in  the  unit 
of  measure  by  6m,  and  as  we  find  it  in  proportion  to  the  radius  of 
tin-  curve  =  unity,  by  b. 


As  it  becomes  convenient  generally  to  use  the  letters  standing 
no-aii ist  tlu>  angles  in  each  triangle,  and  as  some  of  them  are  com- 
mon at  least  to  throe  triangles,  it  becomes  necessary  to  occasionally 
accent  some  of  them,  that  we  may  understand  their  different  values 
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in  the  i:  ion.     We  have  throughout  our  invoii-ntions  rep- 

resented the  apex  angle  by  A.     We  shall  continue  to  ui\  v  to  A  that 
value  in  the  following  investigation,  with  the  exception  of  ann! 
in  the  triangle  A  1  T  (which  in  general  will  not  be  a  multiple  of 
the  apex  angle)  we  shall  therefore  represent  it  by  A'. 

Commencing  our  investigation  with  the  triangle  A  T"  C,  and 
representing  T"  C  the  radius  of  the  curve,  by  unity,  and  the  radius 
of  the  tables  by  R,  we  have 

Sin.  J  A  :  1  ::  R  :  A  C  =   ^/^  (11) 

In  the  triangle  A  C  1  we  have  C  1  =  the  radius  of  the  curve  =  1  ; 
therefore,  representing  the  angle  at  1  by  G,  we  have 

1   .  sin.  (|  A  —  A')  ::  A  C  :  sin.  G  =  "n^AA/) 


For  convenience  representing  the  line  A  C  by  d,  we  have 
:d  ::  •in.iA  —  A'         G;5  =    '* 


. 

b  :  bm  ::  1  :  r=  >-  (l  1) 

where  r  represent*  the  radius  of  the  ,-urve  in  the  unit  of  measure. 

Or,  probably  the  following  formula  would  he  rather  more  simple 
•  •aleiilation  than  the  above,  (1::)  viz.: 

Sin.  (i  A  —  A')  :   1    :  :  >i,,.  [(J  A  —  A')  +  G]  :  b  = 

•"•ruiy 

then.  a-.  aWe  b  I  bm  :  :    1    :   r  =  -^-  (1 

resents  the  radius  of  the  ,-urv.-  in  the  unit  of  n 


•ilation.  fornnila   (  (I 
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We  found  A  by  the  reduction  of  the  foregoing  traverse  (see  pre- 
ceding pages)  =  100°,  also  A'  (noted  as  A)  in  the  triangle 
A  1  T  =  5°  18'  09".3G.  Therefore, 

|  A  —  A'  =  50°  —  5°  18'  09".36  =  44°  41'  50".64      sin.  =  9-8471791 
A  50°  00'  00" .00  co.  ar.  sin.  =  0-1157460 


G     (ambiguous)  66°  39'  38".22  sin.  =  9-9629251 

G     (corrected)  113°  20'  21".78 

Having  found  G,  we  proceed  to  find  the  radius  =  r.     By  formula 
(13')  and  (14')  we  have 

T  _  _    sin,  q  A  -  A'  +  G^          i        _     bm      _    sin. 

~ 


MI,,  (i  A—  A)  b  ~    sin.  (£  A—  A'  +  G) 


£  A  —  A'  =      44°  41'  50"-  64 

G  =     113°  20'  21".  78 


iA  — A'+G  =     158°  02'  12". 42        ....     co.  ar.     ....     sin.  =  0-4271153 

|  A  — A'          =      44°  41'  50". 64        sin.  =  9-8471791 

b>»  =  2367-2198  feet  log.  =  3-3752386 


r          =  4462-035  feet  log.  =  3-6495330 

We  thus  find  the  radius  of  the  curve,  or  r  =  4462  •  035  feet. 
The  deflection  for  a  chord  =  50  feet  will  be  (3)  sin.  D  =±~ 

Thus, i  ch  =  25  feet  log.  =  1-3979400 

r        =  4462-035  feet        co.  ar.        log.  =  6-3504670 


D       =0°  19'  15".  67  sin.  =  7-7484070 

But,  as  0°  ID'  15"  -07  makes  an  inconvenient  number  to  add  or 
subtract,  we  choose  for  the  angle  of  deflection  (D)  =  0°  19'  15", 
jiiid  adopt  a  radius  which  shall  agree  therewith.  This  change  in 
the  radius  will  not  materially  alter  the  location  of  the  curve. 
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To  find  a  radius  corresponding  to  a  deflection  of  0°  19'  15",  we 
have  (.-*)  r=  -J^- 

}  cA  ==  25  feet  log.  =  1  -3979400 

D      =  0°  19'  15"     co.  ar.     sin.   =  2-2518454 


r        =  4464-63  feet  Jog   =  3-6497854 

We  have  thus  ascertained   tin*  radius  of  a  curve  which  will  cor- 
..1  to  tlic  location  selected.     It  now  remains  to  ascertain  the 
tangent  points,  or  points  of  commencement  and  end. 

:ave  (»i)  representing  the  whole  centre  an»%le  by  C, 
t  =  tan.  J  C .  r 

Thus,      •••-     £  C  =  40°  00'  00"     ....     tan.  =  9-9238135 

r        =  4464-63  feet    log.  =  3  6497854 

t         ==  3746-27  feet    log.  =  3-5735989 

\\ ,    f,,,iml  (page  20)  A  T  =  353G-98  feet,  and  A  T=  1880*085 
feet;  and.  t  hein-  3 746 '27  feet,  ire  have 

t          =  3746-27 
A  T    =  3536-98 

209-29  feet;  the  distance  T  should  be  nun 

• 

/        =  3746-27 
AT'    -  MM  Ml 


1866-185  feet,  the  diiUnce  T'  should  be  moved  from  A 

Earing  moved  the  |M,ints  T  and  T  to  t!,. 

above,  and  marked   in   the  diagram   T"  and  T  .  the  cnr\e  maybe 
..in  and  marked  hv  an\   m*  tli.Ml    the  eagipeei  mi.ulil  tliink  best 

I 
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(15)  We  will  add  one  more  method  of  locating  simple  curves, 
principally  applicable  to  large  apex  angles,  and  which  may  in  some 
instances  In-  practised  beneficially  with  apex  angles  somewhat  acute, 
provided  the  radii  he  not  of  great  length. 

This  method  supposes  that  the  locality  will  admit  of  the  lines  to 
l.e  connected  hy  the  curve,  to  be  run  or  extended  to  their  intersec- 
tion, so  that  their  apex  angle  may  be  measured  directly  ;  and  that 
the  contour  of  the  surface  is  such  that  measurements  may  be  taken 
with  a  good  degree  of  accuracy,  from  the  apex  to  the  tangent  points 
along  these  extended  lines,  and  from  these  extended  lines  to  the 
location  of  the  curve, 

Having  premised  thus  much,  let  us  suppose  these  extended  lines, 
which  we  shall  hereafter  call  the  tangent  lines,  intersect  each  other 
at  an  angle  of  170°,  and  it  be  desirable  to  connect  these  lines  by  a 
curve  corresponding  to  a  deflecting  angle  of  6'  for  a  chord  of  50 
feet.  The  elements  required  to  be  obtained  from  computation  are, 

First,  Radius  of  the  curve. 

••lid,  Length  of      do. 
Third,  Distance  from  apex  to  tangent  points. 

Fourth,  The  number  of  primitive  points  convenience  requires  to 
be  fixed  in  the  curve. 

To  a.M-.-rtain  the  radius,  we  have  (5')  r  =  -j,,''",,- 

/<  =  25  log.  =  1.3970400 

D   =  o°  6'  00" co.  ar.  sin.  =  2-7581229 

Radius  =  r        =     14323-95  feet  los.  =  4-  ir>r,or,:>!> 
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To  tind  the  length  of  the  curve,  we  have  (8)  a  =  -~^- 

r  =  log.  =  4-1560629 

180°  — 170°  =  C"  =  36,000" log.  =  4-5563025 

r  co.  ar.  log.  =  4-6855749 

Length  of  arc  =  a  =  2500-02  feet  log.  =  3-3979403 

To  find  the  distance  from  apex  to  tangent  points,  (G)  t  =  tan.  $  C  .  r 

$  C=    5°  00'  00"  tan.  =  8-9419518 

r     log.  =  4-1560629 


Apex  to  tan.  =  t       =    1253-18  feet  log.  =  3-0980147 

+ 
We  have  found  tlu>  length  of  arc  =  2,500  feet;  if  we  now  sup- 

pose T  to  hear  an  even  numher  in  the  locating  station-,  sav  -Mo,  we 
may  divide  the  arc  into  live  equal  parts  of  five  hundred  tret  cadi, 
which  will  cause  every  point  of  division  to  fall  on  an  even  station  in 
the  location.  This  division,  of  course,  divides  the  centre  an^le  into 
pial  parts;  and,  as  C  =  180  —  170  =  10°,  the  centre  angle 
corresponding  to  each  division  will  he  ^  --  =  1)0  Otf  00". 

(16)  Having  determined  to  divide  the  curve  into  fixe  equal 
parts,  we  now  compute  the  di>tnnccs  from  each  of  the>e  dividing- 
points  in  the  curve  to  the  tangent  lines,  in  the  direction  of  the  radii 
passing  through  them.  (See  Fig. 


I)«-i  taiiLT'-nt  ]M»iiita  hy  T  and  T;  and  the  di\  i>imis  of  the 

:.   1  :   and  the  e..rre>|M>ndiniir  di\i>ions  of  the  taii-_i'liit 
by  a  6  C  d;   and  n-j.i-e>.-niin^   \>\  Ci    the  centre   an-le 

!••  the  an-  T   Land    by  ft  the   OOBiTC    IBg^i   '•"'  "    |"'iidin^ 
ti>  th.  T     I    md  T  -i.nilar  I..  T   I   ami 

ill  nut  n«-«d  >,.jia-  lii  ill.-  general  in?i 


[Fio.     5.] 
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tions,  wo  hnwover  denote  the  centre  angles  by  C,  and  we  have  this 
anal 

Cos.  C  :  r  : :  sin.  C  :  T  a  =  tan.  C  .  r  (i:,) 

and  Cos.  C  :  r  : :  E  :  C  a        =  ~^- 

aiul  we  have  ~Tc r  =  a,  1  =  etc.  (1C)  corresponding  uith  the 

erntro  an^-lo.      Now.  substituting  Ci  and  €2  for  C,   as  explained 
above,  wo  have 

Ci      =  2°  00>  00"  tan.  =  8-5430838 

r        =  14323  •  95  feet  log.  =  4  •  1560629 

T'  to  d  and  T  to  a  =      500-20  feet         log.  =  2-6991467 

Ci      =  2°  00>  00"  co.  or.  cos.  =  0-0002G4G 

r        =14323-95  log.  =  4-1560629 

C  to  d  and  C  to  a  =  14332-69  log.  =  4-1563i>7:> 

/.  d  to  4  and  a  to  1  =          8-74  feet 

ain,         Ca  =  4°  00'  00"       tan.  =  8-8446437 

r    =  log.  =  4-1560629 

T' to  c  and  T  to  6  =    1001-65  feet          log.  =  3-000706G 

Ca     =  4°  00>  00"  co.  ar.  cos.  =  0-0010592 

T        =  14323-95  feet  lop.  =  4-1560629 


C  to  c  and  C  to  6  =  14358  log.  =  4-1571221 

/.  c  to  .3  and  6  to  2  =       34-98  feet 

thus    a-rrrtainrd    all      the    rh-inmi-;  J     to    this 

iliar  uii'tho.!.  ur    niav  im\\    nn-a-un-  fn-ni  T  t..  ,i.  in  tin-  direetimi 
'I     \  500*2    :-  •  '  :    and    tin-   -aim-   (UtUooe    iV-.m    "I"   i«-   ./.    in    tin- 

direetkm  T    \:    and    ihm.  \\itli    thr    thmdnlitr  at  ,i.  and  pnintin 
T.  la\    "M    the    --"iniili-iiH-ii-  .1'  ('i.  ;uid   iiH-asiin-  s-71    |i-.-i    t..   1. 

t-.r  a   |Miini    in    l! 

=  ."»}:,  ,,r  tin-  i.M.iti,,i,      Tli. -n.  remove  ill--  !li«-.Mi«ilih-  »«•  •/.  and 
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at  T,  lay  off  the  complement  angle  of  Ci,  and  measiuv  in 
the  direction  indicated  8*74  feet  to  4,  for  a  point  in  the  curve  M» 
responding  to  station  (.VUVOO  +  20-00)  =  560  of  the  location. 
We  now  measure  from  d  (1001  -63  —  500-20)  =  501  -43  to  c,  and 
the  same  distance  from  a  to  b;  then,  with  the  theodolite  at  b,  and 
pointing  at  T,  lay  off  the  complement  angle  of  €2,  and  measure1  in 
tlu«  direction  indicated  iM-98  feet  to  2,  for  a  point  in  the  curve  cor- 
responding to  station  (540*00+  10*00)  =550  of  the  location, 
Then,  moving  with  the  theodolite  to  c,  and  pointing  to  T,  lay  off  the 
complement  angle  of  €2,  and  measure  in  the  direction  indicated  _4  •  MS 
to  3,  for  a  point  in  the  curve  corresponding  to  station  (540-00  + 
15-00)  =  555  of  the  location. 

x 

(17)  We  now  take  the  theodolite  successively  to  each  of  the 
points  we  have  established  in  the  curve;   and,  by  deflections  and 
corresponding  chords,  complete  the  work. 

This  method  of  laying  out  curves  is  found  exceedingly  convenient 
in  woodlands,  as  not  being  so  liable  to  mistakes  which  might  It-ad 
the  location  astray  as  other  methods,  and  will  frequently  save  much 
trouble  in  chopping  timber. 

We  are  aware  that  the  example  we  have  given  in  the  foregoing 
is  one  of  the  most  convenient  that  the  problem  admits  ;  but  we  think 
tin-  principle  will  be  sufficiently  comprehended  to  apply  it  readily 
and  \\itlioiit  dillicultv  in  its  umM  complicated  form,  without  further 

explanation. 

(18)  We    Imve    now  completed    ;ill    \\  o   Contemplated    ivspect  iii-y 
the  in  tOOfl  of  tin-  practical   operations  of  laying  out  simple 
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railroad  curves.  It  was  not  our  purpose  to  pursue  these  investiga- 
tions until  tlio  subject  was  exhausted.  That  would  have  taken  a 
loii^  time,  and  might  have  occupied  much  room,  and  it  is  more  than 
probahle  that  it  would  have  exceeded  our  ingenuity  and  ability. 
But  wo  hopo  wo  have  said  enough  to  give  the  proper  direction  to  the 
inquiries  of  the  young  or  inexperienced.  engineer,  and  to  convince 
him  of  the  necessity  of  making  the  study  of  the  elements  of 
geometry  and  trigonometry  (if  it  be  proper  to  make  the  distinction, 
or  to  class  them  under  different  heads)  a  matter  of  the  first 
importance. 

(19)  We  now  proceed  to  the  consideration  of  reverse  curves  ; 
the  most  simple  form  of  which  is  to  unite  two  parallel  lines,  which, 
continued,  will  not  intersect  or  run  into  each  other,  by  curves  of 

equal  radii. 

This  problem  is  of  such  simplicity  as  to  admit  of  many  forms  of 

construction,  and  great  variety  of  formulae  ;  and,  had  we  not  come  to 

the  conclusion  to  give  a  formula  for  laying  out  curves  to  unite  rail- 

road lines  under  every  condition  which  has  occurred  in  our  practice, 

we  think  we  should  have  passed  by  this  problem  without  considering 

\Ve   theivi'nre  content  ourselves  with  Lrivini;'  the  t'ol- 

ig  rules  and  formulae. 


(20)    Leil    \  nd  T    K  r.-;.;-.  -.-nt  two  lines  of  railroad   lia\in-_r 
the  game  bearing,  but  so  located  that  they  will  not  intersect  h\ 
ion. 

T  ('  and  T  C  =  the   radii  which  we  BiippOflG  to  bo  equal  in 
length.   and    \\hi.-li    in    the    i,  bion    we   shall    repTOfeni    1- 


[FlGL      6.] 
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Draw  the  line  T  C  and  T  C'  at  right  angles  with  T  A  and  T  B, 
and  make  each  =  r ;  then,  drawing  a  line  from  C  to  C'  will  inter- 
sect the  curves  at  their  reversing  point  X,  (see  figure,)  so  also  a  line 
drawn  from  T  to  T  will  intersect  the  curves  at  the  same  point, 
and  will  also  bisect  the  line  C  C'. 

\\V  now  extend  the  line  B  T  until  it  intersects  the  line  or  radius 

T  C  at  R.  and  as  T  C  is  drawn  at  right  angles  with  T  A,  and  T  A 

and  B  T'  having  the  same  bearing,  it  is  obvious  that  the  angle  at 

the  intersection  will  be  a  right  angle.     Then,  having  measured  T'  R 

and  T  11,  or  ascertained  their  length  by  computation,  we  have  by 

considering   the   line  =  T  T  as  radius,  and    the  line   T  R  as  a 

ne,  and  the  line  R  T  as  a  sine  of  the  angle  T  T  R,  this  analogy 

to  find  the  angle  T.     Representing  the  sine  by  8,  the  cosine  by 

ie  radius  by  R,  then  will 

c  :  8  ::  R  :  tan.  T  =  ±-  (17) 

By  letting  fall  a  perpendicular  upon  the  line  T  X  from  C,  we 

divide  the  triangle  T  C  X  into  two  equal  right-angled   triangle.-. 

viz..  C  M  T  and  C  .M   \  :   now,  as  the  trian-les  T  T  1!  and   T  C   Al 

have  the  angle  T  common  to  both,  it  is  obvious  they  are  >imilar  : 

•  1  <'  must    then-ion-   l.e  equal,  and    in    the   triangle 

T  C  X  •  ('  will  he  equal  to  twice  T:  then,  resolving  the 

T    I!  T.  re  liu.l   the   h-n-tl,  T  T'.  half  of  xvhich  is  e,|iial  to 
T    \  :    tlteO     nhring    tin-    triaii-Jo   C  X  T,  \ve    find    the   side  TC== 
radius  =  r.      To  azemtfl  tin •-•  ••••uipntatiniis  by  the  aid  of  the  t 
niK.im-tricjil    functions,  we    hn\e    in    the    triangle    T  T  R   to    find 
J  T  T  which  we  n- present  by  a. 

,.  T  :  x  ::    I;   :  T  T:  rberefore    '''/'    =  a  =  tin  ; 
or,  Cos.  V  :  c  ::   M  :    II  :  '     =a=  ,      , 
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Then,  in  tin-  triangle  T  (     \   P6 

Sin.  (     :       ::  cos.  T   •  r=  ,       =  ^^     (is) 

Ua\inu  thus  found  the  radius,  and  the  centre  an-h'  ('  of  the  one 
halt'  the  curve,  it  is  evident  that  the  other  halt'  must  contain  iden- 

tical  element-. 

(  21  )  Tin-  curve  may  be  laid  out  in  accordance  with  such  of  the 
formula-  descrihed  in  the  foregoing  pages,  relating  to  simple  curves, 
as  the  eii-ineer  may  think  hest  suited  to  the  condition  of  things 
and  the  contour  of  the  surface. 

For  the  purpose  of  presenting  an  example  of  computation,  we 
will  suppose 

T   II   =    C   =    lL't',0  fret 
R  T      =    8   ==       150      " 

Then,  by  (17)  Tan.  T  =  -f 

Wherefore*     =     150  feet  ........     log.  =  2-1760913 

c     =1260    "      co.  ar.    ........     log.  =  6-8996295 


T'  =  C°  47'  20". 31        tan.  =  9-0757208 


C  being  equal  to  li  T.  we  have  (Is)  r  =  -^r- 


Whcrcfore  T'  =    6°  47'  20". 31 

2 


C  =  13°  34'  40"- 63  co.  ar.  sin.  =  0-6293609 

2  "  "  lo£.  =  9-6989700 

c     =  I2t.it  log.  =  3-1003705 


r     =2683-47  log.  =  3-4287014 
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(22)  We  will  now  vary  the   u'iven  elements,  by  supposing  the 
radius  =  r  =  2683-47  feet,  and  the  distance  between  the  centres 

of  the  tracks  =  s  =  150,  to  find  the  relative  positions  of  T  and 

« 

T.  This  case  supposes  a  beginning  point  to  have  been  sel 
Sup]>ose  that  point  to  be  at  T.  Then,  from  T  we  draw  the  radius 
T  C  =  r  at  right  angles  to  the  line  T  A,  and  from  T  we  extend 
the  line  T  C  or  r  in  the  opposite  direction,  a  distance  =  r  —  (or 
minus)  the  distance  between  the  tracks  (which  we  have  supposed  to 
1).  1  '»n  feet)  to  D;  and  from  D  draw  the  line  D  C  at  right  angles 
with  the  line  1)  (1  :  then,  with  the  line  C  C,  equal  in  length  to  2  r, 
btened  the  line  D  C  at  C  ;  then  will  I)  C"  =  T  R,  representing 
T  R  as  in  our  former  proposition  by  c ;  and  then,  solving  the  tri- 
_le  C  C'  D,  we  have  by  trigonometry,0 

2r  :  R  ::  ('2  r  —  s)  :  sin.  C'  =    (2r-g)  (in) 

and     Sin.  C'   :   ('2  r  —  s):  I  cos.  C'    :   c  =  cot.  C'  (2  r  —  s)    (L'I  >) 

The  compli-im-nt  of  the  angle  C'  found  by  the  above  formula  = 
the  angles  T  C  C  =  T  C  C. 

EXAMPLE     OF     COMPUTATION. 

By  formula  (]:•) 

2  r      «  5367  oo.  mr.    log.  =  6-2702685 

(*  r  —  i)  =»  5217         log.  =  3-7174298 


V       =  76°  25'  19".50  sin.  «  9-9876893 

By  formn 

O  —  76<>  25'  19"M cot  —  9- 3829486 

(2r  —  i)—  log.  =  3.7174208 

r                   =   1 260  nearly  .3.  «  3-1003694 
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The  complements  to  CT  88  found  above  =  IK)  —  70°  25'   19".r> 

(  2  3  )  Then-  bring  a  difference  nf  opinion  amonir  practical 

tdg  the  propriety  of  rever>inu'  cur\e>  \\itliout  the 
intervention  «•{'  a  piece  of  straight  track  between  them,  w<v  have 
thought  it  would  not  be  improper,  before  \\e  pn.ceed  further  with 
our  ii.  ions  of  formulae  for  reverse  curves,  to  add  tin-  follow- 

ing di-.-ii-.iMM  of   tin-  causes  of  the  lateral   shocks  experienced   in 
railroad  cars  when  entering  ujwn  a  curve;  and  also  tin-  oeoi 
for  a  piece  of  straight  track  betwivn  reversing  curve-. 

From  any  investigations  that  we  have  bwn  enabled  to  inak 
rannut  discover  any  reason  why  a  car  should  receive  a  lateral  shock 
when  running  off  a  straight  track  on  to  a  curve,  provided  the  dis- 
tance between  the  flanges  of  the  car  wheels  and  the  distance 
b.-tueeii  the  ipsidcs  of  the  rails  are  the  same  ;  and  tho  outside  rail 
of  the  curve  be  properly  elevated  to  suit  the  velocity.  We  would 
however  remark,  if  the  curve  be  very  short  and  the  velocity  rapid, 
the  friction  of  the  flanges  of  the  wheels  upon  the  outside  rails  of 
the  curve  will  become  so  great  as  to  occasionally  raise  the  face  or 
bearing  «»f  the  wheel  from  the  rail,  which  falls  again  suddenly  upon 
the  track,  producing  a  perpendicular  jar  or  concussion,  which  may 
sometimes  occasion  lateral  motion;  but,  if  the  curves  arc  in  good 
order,  and  tin?  rails  properly  curved,  this  motion  will  be  seldom 
felt.  unles>.  1  i-ej>eat,  the  radius  be  very  short,  and  the  velocity 
In  this  connection  I  would  add,  it  is  believed  to  be  some- 
what dangerous  to  run  a  train  over  a  curve  in  proper  repair  or  con- 
dition with  a  velocity  so  great  as  to  occasion  this  phenomenon.  \\ V 
have,  however,  felt  this  motion  when  riding  on  curves  not  in  proper 
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ivpair,  or  where  tlui  rails  have  not  been  curved  in  a  uniform,  regu- 
lar manner  :   whereas,  if  the  track  had  been  in  good  condition, 

nothing  of  tin-  kind  would  have  been  felt. 

her  can  we.  from  any  investigation  we  have  hern  enabled  to 
make,  discover  any  reason  for  a  lateral  shock  to  a  ear  when  running 
oil'  of  a  direct  on  to  a  reverse  curve  (if  these  are  the  proper  terms 
of  6Z]  provided  the  condition  of  the  track  is  good,  and  the 

wheel  ri an^es  and  the  rails  are  the  same  distance  apart.  But  the 
>n  may  be  asked:  Why  in  practice  lateral  shocks  are  so  fre- 
quently felt,  when  running  from  a  straight  line  on  to  a  curve;  and 
likewise  when  running  from  a  direct  on  to  a  reverse  curve?  We 

r.  that   the  practice  is  almost  universal  to  lay  the  rails  of  a 

track  from  one  half  to  three  fourths  of  an  inch  further  apart  than 

the  Hanges  of  the  car  wheels.     Now  if  we  conceive  the  flanges  of 

to  be  in  contact  with  the  line  of  rail  which  forms  the 

inside  line  of  the  curve,  when  the  ear  is  about  to  enter  upon  that 

.  and  the  track  three  fourths  of  an  inch  wider  than  tin- 
flanges,  it  will  be  obvious  that  the  motion  of  the  ear,  if  it  meets 
with  no  extraordinary  obstruction,  will  continue  straight,  or  in  a 
.  after  it  enters  the  curve,  until  the  flange  of  the  \\he.-l 
meets  with  the  outride  rail  «f  the  curve:  the  distance  which  the 
car  will  have  then  advanced  into  the  nine,  before  the  phenomenon 
of  contact  iake<  place,  will  be  SO  great  that  the  curve  will  have 

UTee    of   deflection,   \\lljch    of    collide    pro- 

duces  a  shock,  and  the  shork   will    IM«  sonieuhat    proport  imietl  to  the 
ilitl'er.  the  \\idth  of  the  Manxes  of  the  \\heeK   and    the 

uidth   of   th"   track.  lh«-  vehn-itv  of  the  ear-,  ami    tlie  Im-jth  of  the 
radiu-  of  th«-  COITe,       The   tolh.uijiu   di.i-ram  i  I'ig.  7)  illdi'-al- 


[FiG.    7.] 
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(  24  )  Lot  us  now  examine  the  condition  of  a  car  running  off  of 
a  direct  curve  on  to  a  reverse.  The  centrifugal  force,  as  well  as 
the  position  of  the  wheel  axles,  direct  a  car  when  running  on  a 
curve',  to  the  outside'  rail,  which  must,  of  course,  become  its  guide; 
and  \vlu>n  the  car  arrives  at  the  reversing  point,  or  rather  one 
fourth  of  its  length  between  its  wheels  beyond  that  point,  it  will 
continue  its  direction  in  a  straight  line  until  its  wheel  flanges  meet 
with  the  outside  rail  of  the  reverse  curve,  and  if  the  difference  of 
width  between  the  ilanges  of  its  wheels  and  the  rails  be  consider- 
able, the  car  will  have  advanced  so  far  into  the  curve  before  the 
phenomena  of  contact  take  place,  as  to  admit  the  rail  taking  a 
considerable  degree  of  deflection;  and,  as  before  stated  respecting 
simple  curves,  the  meeting  <»f  the  wheel  flanges  with  the  deflected 
rail  causes  a  lateral  shock  which  is  sensibly  felt,  and  is  proportioned 
to  the  velocity  of  the  cars,  the  difference  in  width  between  the 
flanges  of  the  wheels  and  rhe  rails,  and  the  length  of  the  radius  of 
;rve. 

motion  of  the  cars  from  the  direct  to  the  ramnM  curve  will 
always  be  of  the  same  character  under  similar  riivumstaiicc-s  :   the 
cars  being  constantly  influenced  l.y  the  portion  of  their  axles,  and 
.:al  force  of  motion.     Hut  it  is  not  so  \\ith  the  cars  upon 
a  straight  track  ;  there  is   nothing  to  uniformly  guide  them  to  the 
which  forms  the  inner  rail  of  the  curve  when  run- 
ning off  of  a  straight   line  on  to  a  nine;   ;,iid,  if  the  flanges  of  the 
\\ln-.-N  are   in  contact  \\ith   the  side  of  th-  •rming  the  outer 

rail  «.f  ili,-  mm-,  th.   car  will  enter  upon    the  curve  without  lateral 
shock. 

.'ISOning  has  been  ju>t.  it  would  appear  that  if  the  i 
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laid  down  to  correspond  with  tin-  Manges  of  the  wheels,  a  car 
will  iiuvt  witli  no  greater  lateral  shock  when  running  through 

-ing  jxtints  of  a  reverse  curve,  than  when  running  off  of  a 
straight  track  on  to  a  simple  curve  ;  hence,  under  restricted  circum- 
stances,  where  reversed  curves  are  required,  of  short  radius,  it 
an  object  of  importance  for  the  curves  to  occupy  the  >\  hole 
line,  that  is,  there  should  be  no  straight  track  between  them;  as  a 
.-train-lit  line  <»f  any  considerable  length  will  tend  to  diminish  the 
length  of  the  radius. 

(  25 )  Let  us  now  endeavor  to  explain  this  matter  by  diagrams. 
\Ve  will  suppose  a  car  to  be  running  on  a  straight  track  from  A 
towards  F.  with  the  flanges  of  the  wheels  in  contact  with  the  rail 
A  1).  the  flanges  of  the  wheels  on  the  opposite  side  will  not  be  in 
contact  with  the  bar  a  b,  but  will  describe  the  dotted  line  parallel 
with  it  ;  the  car  arrives  at  the  tangent  point  B  6,  its  natural 
motion  will  he  from  b  B  to  c  C,  in  the  direction  of  the  dotted  lines, 
ulicj-e  the  flange  of  the  wheel  running  upon  the  rail  a/ meets  it  at 
the  j.  »int  c,  some  distance  advanced  upon  the  curve,  the  rail  at  this 
point  making  an  angle  with  the  direction  of  the  car,  causes  a  shock 
and  a  sudden  lateral  motion;  the  car  then  proceeds  onwards,  with 
the  flanges  in  contact  with  the  rail  a/,  until  it  arrives  at  the  point 
D  d;  from  B  to  D  the  flanges  have  not  been  in  contact  with  tin- 
rail  A  F,  but  have  described  the  dotted  line  parallel  with  it  ;  from 
D  d  its  motion  is  onward  in  the  direction  of  the  tangent  until  it 
arrives  at  E  e,  when  the  flange  meeting  \\ith  the  rail  at  K,  which  it 
will  be  seen  forms  an  angle  with  the  direction  of  the  car,  causes  th«- 
lateral  shock  felt  at  this  point ;  the  car  then  moves  onwards,  with 
the  flanges  in  contact  with  the  rail  A  F,  until  it  passes  through  or 
over  the  curve,  and  no  further  shock  is  felt.  In  the  mean  time  the 
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flanges  upon  the  opposite  side  describe  the  dotted  line  parallel  with 
ef.  If,  therefore,  our  reasoning  be  correct,  it  will  be  obvious  that 
if  we  would  have  cars  run  smoothly  over  a  railroad,  the  track 
should,  near  the  tangent  points  of  curves,  be  laid  down  to  corre- 
spond with  the  width  between  the  flanges  of  the  wheels ;  and  we 
add  that  the  same  thing  should  be  observed  near  the  % turn-out 
frogs,  as  it  is  important  that  the  scores  in  the  frogs  through  whirl i 
the  flanges  of  the  wheels  traverse,  should  be  just  sufficient  to  per- 
mit them  to  pass.  To  render  this  practice  complete  calls  for  a 
greater  degree  of  care  in  the  adjustment  of  wheels  upon  their 
axles,  than  is  at  present  practised  in  many  constructing  and  repair 
shops ;  but,  in  the  present  careless  condition  of  adjustment,  the 
management  of  tracks  can  be  much  improved.  Near  frogs,  and  the 
commencement  of  curves,  the  rails  of  the  track  should  be  no  wider 
than  the  widest  wheels  of  the  train.  A  further  improvement, 
adapted  to  the  passage  through  the  score  in  tin-  frog  smoothly,  is 
to  have  the  width  between  the  back  side  of  the  wheel  flanuvs  as 
m-ar  alike  as  they  well  can  be,  which  will  much  improve  the  benefits 
of  tin-  ^uard  rails. 

In  this  connection  it  may  not  be  amiss  to  compute  the  deflections 
of  the  rail  at  the  point  win -n-  it  is  met  by  the  flanges  of  the  wli- 
when  running  into  the  curve;  assuming  the  rails  of  the  track  from 
O'Ol  of  a  foot  will,  r  than  the  flanges,  up  to  0'06  of  a  foot;  and 
supposing  the  car  to  be  tracing  the  inner  rail  on  !t>  approach  to  the 
tangent  point,  ami  the  curve  to  be  of  a  ratlins  of  li 

The     foll<  »ll.     ami     Its     <    \;i  Illplr-    of    r«. 111  pill  . -(Moll. 

by  referring  to  1-  nahl.-  tin-  student  to  ma-t«T  tin-  \\hole 

meriU  of  this  subject. 
H 
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INVESTIGATION    Of    FORMULA,     \M>    i:\.\Mi-LE8    OF    COMPUTATION. 

=  radius  of   the  curve:  //   the   width   between   the   rails  of 
the  track  ; 

A,  ,   Aa>    A?.»   °t(>"  ^1('  diil'erences  of  distance  between  the  tracks 
and  the  tlun.uvs  of  the  wheels; 

cit  cz,  c3,  etc.,  tlie  corresponding  angles  of  deflectioiL 

Th.  -IK  putting    r=  1000  feet;  7i  =  4'7feet;  Au   A2,   A3, 

etc.  =  0-01,  0-02,  0-03  feet,  etc.,  we  have 
r  +  |  A  :  B  ::  r  +  ft  *  —  An  etc.  :  cos.  c  =  r  +  *h~ 


Thus,      r  +  i  A  =  1002-35  co.  ar.     ........     log.  =  6-9989806 

r  -|-  ^  /t  —  Ai  =  1002-34  ........     log.  =  3-0010150 


=  0°  15'  26"  cos.  =  9-9999956 

=  1002-35  co.  ar.     log.  =  6-9989806 

—  Aa  =  1002-33  log.  =  3-0010107 


=  0°  21'  44"  cos.  =  9-9999913 

=  1002-35  co.  ar.     log.  =  6-9989806 

—  A3  =  1002-32  log.  =  3-0010064 


ca  =  0°  26'  34"  cos.  =  9-9999870 

r  +  ±  h  =  1002-35  co.  ar.     log.  =  6-9989806 

r  +  *A  —  A4  =  1002-31  log.  =  3-0010020 


C4  =  0°  30'  45"  cos.  =  9-9999826 

r  4-  i  h  =  1002-35  cu.  ar.      log.  =  6-!» 

r  +  M  —  As  =  100L>  -3'»  log.  =  3-0009977 


cs  =  0°  34'  20"  cos.  =  9-9999783 

r  -}-  ^  A  =  1002-35  co.  ar.     log.  =  6-9989806 

r  +  i  h  —  Ae  =  1002-29  -.     log.  =  3-0009H34 


0°  37'  35"  cos.  =  9- 9999740 
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The  foregoing  computed  deflections  of  the  track,  at  the  point  met 
by  the  wheel  flanges,  under  the  assumed  circumstances,  show  the 
neeeantj  of  narrowing  the  guage  near  the  commencement  of 
curves,  and  near  the  reversing  points  in  reverse  curves.  There 
ran,  however,  he  no  douht  but  the  cars  will  run  steadier  and  safer 
over  a  narrow  track,  just  suiting  the  wheel  flanges,  than  over  one 
of  greater  width.  The  only  argument  in  favor  of  the  guage  of  a 
track  being  wider  than  the  flanges  of  the  wheels  is,  that  a  greater 
surface  of  the  wheel  is  exposed  to  wear  upon  the  rails  by  the  zig- 
zag course  which  the  wide  guage  allows  the  cars  to  take,  than 
would  be  if  that  motion  was  prevented. 

(26)  The  next  form  of  reverse  curves  which  we  shall  consider, 
is  that  which  shall  unite  two  lines  having  different  bearings,  which 
of  course  would  intersect  each  other  were  they  continued;  but,  on 
account  of  avoiding  some  obstacles,  or  the  desire  of  a  near  approach 
to  some  particular  locality,  it  becomes  necessary  to  connect  these 
lines  by  reverse  curves ;  it  is,  therefore,  a  matter  of  great  import- 
ance to  lay  down  these  curves  in  the  best  form  possible,  particularly 
if    they   n  (juire    short  radii,  which   will    be   best   aceompli>hed.   it' 
there  be  no  obstacle   in   the  way,  by  making  the  curves  of  equal 
curvatuiv.  and  occupying   (he  whole  distance   between   the  tangent 
point-:  (these  tangent  points  arc  Mippo>«-d  to  he  fixed  by  the  con- 
tour of  the  surface,  or  some  other  consideration  or  governing  prin- 
ciple, wliirli  cannot  well  he  avoid- ••; 

(27)  To  proceed  \\  i  t  h    the   investigation  «»f  the   proper   formula, 
for  determining    tin-    ••h-im-nts    of    th«--e    onrret,   pe    would    t 
ivmark.  that    this  problem   re.|uin-  the  angles  ATT  and  T  T  B, 
and  also  the  length  of  the  line  T  T  to  be  measured.   (See  Fig.  8.) 


[FiG.    8.] 
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Then,  by  putting  T  X'  =  c  ,  T  X  =  c,  C  X  =  a,  C  X  =  5,  and 
T  T  as  measured  =  m,  and  the  radii  C  T  and  C  T  in  proportion 
=  unity  :  (those  radii  by  the  problem  being  equal,)  and  the  radius 
in  measure  =  r. 

Thm,  by  the  problem  we  have  the  line  C'  C  =  twice  the  length 
of  radius,  and  it  will  be  apparent  by  a  glance  at  the  diagram  that 
the  angles  X  and  X'  must  be  equal. 

A  .  commencing  with  the  radius  =  unity,  we  have 
Sin.  X  :  1  ::  sin.  (T  —  90°)  :  a  =   <in^-900) 
Sin.  X'  :  1  ::  sin.  (T—  90°)  :  b  =  "in-^-/90°) 


Substituting  for  a  +  b  their  value,  viz.,  twice  radius,  and  as  we 
have  taken  radius  =  unity,  we  have  this  equation, 

Sin.  (T  —  90  Q)       I       sin.  (T  —  90°)    _  _    9 
•in.  X 

Multiplying  by  sin.  X,  we  have 

Sin.  (T  —  90°)  +  sin.  (T  —  90°)  =  2  sin.  X  ;  hence 

Si»l.X 


found  the  angle  X,  we  next  have 

180°—  (T  —  90°)  —  X  =  C  ;  and  180°—  (T—  90°)  —  X  =  C 

Thru.  X  :   1  ::  sin.  C  :  c=  ;  (•_"-') 

\   :    1  ::  sin.  C  :  c'=-^nr  (28) 

And.  c  +c   :  m::      1      :  r  =  Tr  (34) 


Having  thus  obtained  the  radius,  and  the  and'  •>  n  <(uin  <1,  tlx> 

in-   .  1-in,  uts  necessary  for  making  or  laying  out  thr  mm- 

may,  of  com---.  !»«•  rompim-d  by  such  of  tin-  fnivgoing  formulae  as 

•  •f  tin-  Inralitv  mjuiret. 

(  28  )  NOTE.  Because  of  the  scarcity  of  <  \t,  usive  tables  of  nat- 
ural sines,  and  for  the  purpose  of  showing  how  readily  they  can  be 
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obtained   from   logarithmic  have,  in  il1"  specimens  of  com- 

putat:  '!    below,   obtained    the   natural   sine   from    the    loga- 

rithmic sine,  and  after  having  found  the  natural  sine  of  X,  we  have 
deduced  its  logarithm,  and  then  ascertained  the  corresponding 
alible  from  the  tallies  of  Logarithmic  si: 

We  have  deemed  it  proper  to  u'ive  the  above  hints,  for  the  inform- 
ation of  such  youm;  engineers  as  may  not  lie  familial1  with  the 
principles  of  trigonometrical  tables. 

To  proceed  with  the  examples  of  computation,  we  have 

T    —  90°  =  87°  52'  58"     log.  sin.  =  9-9997034    nat.  sin.  =      0-9993172 

T'  —  90°  =  74°  06'  17"    log.  sin.  =  9-9830685    nat.  sin.  =      0-9617G40 

Nat.  sin.  (T  —  90°)  +  nat.  sin.  (T'  —  90°)  =  s 


X  =  78°  40'  42"     log.  sin.  =  9  9944656     nat.  sin.  =  0-9805406 

We  have  found  X  =  78°  40'  42"  Again,  X  =  78°  40'  42" 

and  (T  —  90°)        =  87°  52'  58"  and  (T'—  90°)  =  74°  06'  17" 

Wherefore  C  must  =  13°  26'  20"  .'.  C  must  be      =  27°  13'  01" 


Proof  180°  00'  00"  Proof  180°  00'  00" 

By  (22)  we  now  have  X  =  78°  40'  42"  co.  ar. sin.  =  0-0085344 

C  =  13°  26'  20"  sin.  =  9-3662513 


c    =     0-2370204  log.  =  9-3747857 

% 

By  (23)  =  again         X  =  78°  40'  42"  co.  ar.  sin.  =  O-Oo^ 

C'  =  27°  13'  01"  sin.  =  9-6602591 


c'    =0-4664375  log.  =  9-6687935 

By  (24)  c  -h  c'  =  0-7034579  co.  ar.       log.  =  0-1527619 

in  =225-35   feet  log.  =  2-3528576 


r  =320-346"  log.  =  2-5056195 
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Having  aM-.Ttuined  the  angles  and  the  radius,  we  do  not  think  it 
necessary  to  extend  further  the  examples  of  calculation  for  this 
particular  ease. 

(29)  We  sometimes  have  another  form  of  the  reverse  curve, 
which  we  will  endeavor  to  investigate.  It  sometimes  happens  that 
in  a  condition  of  the  tangent  lines  not  very  unlike  the  last  de- 
scribed, we  have  some  particular  points  which  we  are  desirous 
should  govern  the  location  of  the  track.  This  state  of  things 
necessarily  fixes  the  length  of  one  of  the  radii,  and  it  is  our  ohject 
in  the  investigation,  to  deduce  a  formula  for  ascertaining  the  length 
of  the  other,  with  the  centre  angles  which  measure  the  arcs,  etc.  : 
it  heing  apparent  that  fixing  the  length  of  the  radius  of  one  of  the 
curves,  governs  the  radius  of  the  other. 

To  proceed  wit li  the  investigation.  Let  A  T'  and  T  B  represent 
the  tangent  lines,  (see  figure  9  ;)  T  and  T  the  measured  angles, 
1  T  T  and  B  T  T-;  and  T  T  the  line  mea>ured.  which  we 
ivpn-x-nt  l.y  ///  ;  then. 

Putting  „  for  the  line  C  E  =  II  T  or  rather  =  I)  T  +  R  D 

b     ••       «•    E  T  =  (    i; 

*         r  =  the  given  radius 

x  =  the  radius  required 

C'    =  the  lin..   U  D 

ire  lure  a1  -   (/.      .'):=(r-f- 

Expanding  the  equation,      a8  +  b*  +  2  bx  +  x*  =  r8  +  2  rx  +  x* 

a«  -J-  tf  ._|_  2  bx  =  r'  +  li  / 

i  changing  sign*  a*  +  &*  —  ^  =  -  rf  —  2  bx 

Dividinir  by  2  £±»=*-  =  (r  —  b)  x 

r-b)  fc«-  =x 


[Fio.     9.] 
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Having  dediuvd  tlie  formula,  we  proceed  to  give  a  specimen  of 
calculation.      We  will  suppose  m  =  630  feet 

r    =  555     " 
T  =  169°  8(X 
T    =157°  00' 

To  ascertain  a  we  have  first  to  find  T  D ;  in  the  triangle  T  T  D 
we  have  the 


Ancle  T    =  (1800  —  157°)    =  23O  W  00" 

T  =  (169-30  —  900)  =  790  so/  00" 

D    =  Supplement         =  77 o  3V  00" 

Proof                           =  180°  00'  00" 


D  =  770  W  co.  ar.  sin.  =  0-0104185 

TO  =630  log.  =  2-7993405 

T  =  790  SO'  sin.  =  9-9926661 

TD  =  634-4905  feet  log.  =  2-8024251 


From  above 

(T  D  +  c/)  - 


Sin.  1) 

log. 

^•ouy/oyu 

T                    = 

23°   00* 

sin. 

=   9-5918780 

T'D 

252-1373 

=  2-4016370 

r                      = 

555-0000 

[V  D  =  C  D  = 

302-8627 

log- 

=  2-4812458 

D 

77-30 

Bin. 

=  9-9895815 

6                     = 

295-6837 

log. 

=  2-4708273 

D 

77°   30> 

cot 

=  9-3457552 

cf                    = 

65-5515 

log. 

=   1-8165825 

T  D              = 

634-4905 

a                      = 

700-0420 

log. 

=  2-8451241 

2 

a 

490058-8  feet 

log. 

«  5-6902482 

6                    = 

295-6837 

log. 

—  2-4708273 

2 

—       874L'8-SL>    fret 


mm          655-00 


log.  —  2-7442930 
2 


•  808025-00  feet        log.  —  6-4885860 


[FiG.     10.] 
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oa   +   &   —  r2      =      269462-62  log.  =   5-4304985 

2   (r  —  6)  =      5 18- 6326  co.  ar.       log.  =   7-2851402 


x  =     519-5636   feet         log.  =   2-7156387 

6  =      295-6837 


i  +  b  =  E  C  =      815-2473*  co.  ar.  log.  =  7-0887106 

o  =      700-0420  log.  =  2-8451241 

C  =   40°   39'   08". 09  tan.  =  9-9338347 

T'  oo  T  =    12°   30'    00". 00 


C'  =   28°   09'   08"-  10 

Having  found  the  centre  angle  C,  we  can  readily,  by  several 
methods.  ascertain  the  value  of  the  other  centre  angle,  C;  we  how- 
8T«r  shall  only  give  the  following  method,  viz.  : 

When  the  angle  D  in  the  triangle  T  D  T,  is  greater  than  a  right 
the  difference  between  the  angles  ATT  and  B  T  T  must 
be  added  to  C,  and  the  sum  will  be  equal  to  C';  and  when  D  is 
smaller  than  a  right  angle,  it  must  be  subtracted. 

Tin-  remainder  of  the  elements,  which  may  be  needed  to  facilitate 
the  operations  of  location,  may  without  difficulty  be  found,  by  such 
of  the  foregoing  formulae  as  shall  be  found  applicable. 

(JO)  Another  form  of  the  reverse  curve  is  \\heivin\\enia\ 
have  one  tangent  point  fixed,  and  one  centre  angle  given,  the  tan- 
gent lines  being  located  in  position  and  direction,  but  one  of  them 
may  be  shortened  or  lengthened  to  adapt  it  to  the  unknown  or 
n-ijuired  anirl'-s.  This  case  occurs  when  the  point  where  the  run.  •> 
reverse  becomes  a  po\«-niin^  jM.int  in  the  l.N-sition,  a-  at  the  jH.int  <; 
ill  tin- 


ta  the  t/teafle  C'  C  E  food  tl*  rttf«,  C'  B  s«,M>dCK 
C  (        *       =  u«.  C. 


60  USEFUL     FORMULA. 

1  N  \  I.  s  r  1  (.  \  T10N    OF    FORMUL-E. 

Ill   the  diagram   the   tangent    lines  are  represented  by  A  T'  and 
B  T;  and   the  angle*  A  T  T  and  H  T  T  by  Tm  and  T™  ;  the  line 
:red,  viz.,  T  T  b\ 

Then,  putting  t'  for  the  line  D  T 

And,  t  "      "       "  D  T 

r  "      "     given  radius     C'  T' 

r'  "      "    radius  sought  G  C 

A\\'  have  in  the  solution  of  this  problem  the  following  triangles, 
viz..  T'  I)  T.  which  for  convenience  we  denominate  No.  1  :  C"  D  E. 
No.  '2  :  K  T  (J.  No.  3;  F  G  C,  No.  4 ;  which  require  to  be  succes- 
sively solved. 

Commencing  with  triangle  No.  1,  we  have 
The  angle  at  T   =  180°— Tm 
"     "  T  =  Tm    •  -  90° 

"          "      "  I)  =  the  supplement  of  the  above. 
Then,  by  analogy,  Sin.  D  :  m   II   sin.  T    :  t  =   "'*"'J-  (-»>" 

And,  Sin.  D  :  m   ::   sin.  T'  :  t'  =   '\]  ('27] 

In  the  solution  of  triangle  No.  2,  we  have  the  side  C  D  =  r  —  1 
and  the  angle  I)  =  tho  supplement  of  I)  in  triangle  No.  1  ;  th 
angle  ("  being  given,  the  angle  E  =  the  supplement  of  C  +  D 
Denoting  the  side  C  E  by  <1,  and  the  side  I)  E  by  (f,  we  have 

sin.  K  :  r  —  t  ::  sin.  D  :  d  (28 

and   Sin.  K  :  r  —  t  ::   sin.  C'  :    c 


In  triangle  No.  :i  we  have  r  —  d  =  E  G  ;  the  angle  E  the  sam  i 
as  E  in  No.  "2;  the  angle  C  a  i-i^lit  angle;  and  of  course  the  ani:!  ' 
!•'  heroines  the  complement  of  E.  Denoting  the  -side  G  F  by  e,  \\e 
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have        Cos.  E  :  r  —  d  ::  sin.  E  :  e  =  tan.  E  (r  —  d) 
Then,  in  the  quadrilateral  F  G  C  T,  we  have  the  angle  at  F  = 
(180° —  F).  F  beinir  the  same  as  in  No.  3;  bisecting  F  as  thus 
found  by  a  line  from  F  to  C,  we  have  in  triangle  No.  4, 

Cos.  i  F  :  e  : :  sin.  J  F  :  r'  =  tan.  J  F  .  e  = 

tan.  J  F.  tan.  E  .  (r  —  d)  (30) 

Tlu«  last  expression  being  equal  to  the  side  G  C. 

In  practice  it  will  be  convenient  to  ascertain  the  distance  of  the 
tangent  j>oint  from  the  point  T,  and  for  that  purpose  we  have  in  the 
triangle  GTE,  which  we  call  No.  5, 

Sin.  E  :  r  : :  cos.  E  :  ci  =  cot.  E  .  /  (31) 

A\hrre  ci  represents  the  line  E  T. 

Then,  will  (c  +  ci)  °°  t  =  the  distance  of  the  tangent  from  the 
point  T.  and  the  direction  of  course  will  be  known  from  the  relative 
magnitude  of  the  numbers  represented  by  (c\  -{-  c)  and  f',  viz.,  if  t 
-••lit  the  larger  number,  the  tangent  point  will  be  in  the  direc- 
tion of  D;   if  the  smaller,  in  the  direction  of  B. 

EXAMPLE     OP     COMPUTATION. 

Suppose  ro  =  630  feet ;  r  =  t  ;  Tm  =  169°  30';  Tm  = 
CT— 27 

Th.n.         I    =(180°— Tm)  =  180°          -  i:.7°  =  23°0(y 
T  =  (Tm  -  90°  =  79°  3(X 

I)  =  suiiplem«.ni  30' 

Bj  formula    (26)    D  a=  77°  3<X  co.  ar.    sin.  =  0-0104185 

m                '.in  iV.-t  log.  «  2-7993405 

T  —«3<>  *in.  =  9 

»  —  252-1373  log.  -   '2   »i»lt,i:<) 


1  UL     FORMULA. 


(27)  D 

T' 

t' 

(28)  E 
555  —  252-1373  =  r  —  t 

D 
d 

(29)    E 


=  77°  9&                co.  ar.  sin.  =  0-0104185 

=  630  feet  log.  =  2  7993405 

=  79°  3(y  sin.  =  9-9926661 

=  634  -  4905  feet  log.  =  2  -  802425 1 

=  49°  4<y  32"- 65  co.  ar.  sin.   =  0-1178203 

302-8627  feet  log.  =  2-4812458 

102°  3V  sin.   =  9-9895815 

387-836  feet  log.  =  2-5886476 

49°  4(X  32". 65  co.  ar.  sin.  =  0-1178203 


r  —  t 

=  302- 

8627  feet 

log- 

=  2 

-4812458 

V 

=  27° 

49'  27"-  35 

sin. 

=  9 

-6690948 

c' 

=  185-4219  feet 

log. 

=  a 

•2681609 

(30) 

t* 

=  69° 

50'  16"-  32 

tan. 

=  0 

-4351232 

E 

=  49° 

40>  32".  65 

tan. 

=  0 

•0711997 

r  —  d 

=  167- 

164  feet 

log. 

=  2 

-2231428 

r> 

=  536- 

3715  feet 

log- 

=  2 

•7294657 

(31) 

E 

=  49° 

4#  32"  -65 

cot. 

=  9 

.'j-jssooa 

rt 

= 

log- 

=  2 

-7294657 

d 

=  455 

-267  feet 

log. 

=  2 

•  G:>s2Gr,o 

Cl 

=  185 

•  422 

c'  +  c, 

=  640 

•  689 

1 

=  634 

'490 

(ci  -he')  ^t  =      6- 199  feet  = 

the  distance  the  tangent  point  must  be  fixed  from  T  towards  B. 

Again,  suppose  m  =  630  feet;  r  =  555  feet;  Tm  =  169° 
Tm  =  157° ;  C  =  28°  09'  08"  -1. 

Then,  T  =160°          -  157°  =  23°  OTX 

T=  161)°  !.o°  =  79030' 

D  =  supplement          =  77°  ft  ' 

180°  00' 
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(26)    D 

=  77°  30' 

co.  ar.    sin. 

=  0-0104185 

m 

=  630  feet 

log. 

=  2-7993405 

T 

=  23°  (XX 

sin. 

=  9-5918780 

1 

=  252-  1373  feet 

log. 

=  2-4016370 

(27)    D 

=  77°  30' 

co.  ar.    sin. 

=  0-0104185 

m 

=  630  feet 

log. 

=  2-7993405 

T' 

=  79°  30' 

sin. 

=  9-9926661 

t' 

=  634-4905  feet 

log. 

=  2*8024251 

(28)    E 

=  49°  20'  51"-  9 

co.  ar.    sin. 

=  0-1199428 

r  — 

t  =  302-8627  feet 

log- 

=  2-4812458 

D 

=  102°  30> 

sin. 

=  9-9895815 

d 

=  389-  7356  feet 

log. 

=  2-5907701 

(29)    E          =  49°  29'  51"- 9  co.  ar.      sin.  =  0-1199428 
r  —  t  =  302-8627  feet  log.  =  2-4812458 

C'         =  28°  09'  08".  1  sin.  =  9-6737728 


ct  =  188-3482  feet  log.  =  2-2749614 

(30)  $  F      =    69°  4(V  25". 95     tan.  =  0-4312942 

E         =    49°  20>  51"- 90     tan.  =  0-0661653 


</  =  389-  7356, 

r  —  d—  165°  26'  44" 

log- 

=  2-2181792 

r          =  519-5636  feet 

log- 

—  2-7156387 

(31) 

E         =    49°  20*  51".  9 

cot 

=  9-9338347 

e          =  446-  1423  feet 

1* 

=  2-  64  U4  734 

e>          —  188-3482 

• 

d  +c—  634-4905 

1           =  634-4905 

In  tl  pit  it  appears  that  the  tangent  point  sought  is  at  T. 

NOTB.  The  reader  will  perceive  that  tin-  r\nm)>lr  is  tak.-n  tV..in 
the  results  of  the  example  next  but  one  preceding,  and  in  int<  n<l<  d 
aa  a  test  to  both. 


[Fio.     11.] 


INSTRUCTIVE     EXAMPLE     OF     REVERSED     CURVES.        G5 

(31)  Another  form  of  reversed  curve  (if  the  expression  be  a 
proper  one)  for  uniting  tracks  having  different,  or  like  bearings,  is 
where  YOU  have  the  relative  position  of  the  tangent  points  from 
win-net'  the  curves  commence  in  the  given  tracks,  with  the  bearings 
of  said  tracks,  or  (which  is  the  same  thing)  the  tangent  lines,  and 
ulii  of  the  em  \(  >  iriveii  or  required  by  the  contour  of  the  sur- 
face, or  other  considerations  which  may  govern  the  location. 

In  order  to  give  this  problem  a  practical  character,  we  copy  from 
a  case  which  actually  occurred  in  the  practice  of  the  writer.  We 
shall  not  give  all  the  preliminary  surveying  which  was  deemed 
necessary  to  guide  us  in  the  location,  (which  had  been  in  amount 
considerable,)  but  will  only  state  that  many  lines  were  run  and 
measured  in  various  directions,  to  such  points  as  we  were  desirous 
of  knowing  the  relative  situations  of,  and  the  traverses  were  worked 
up;  or,  in  other  words,  the  relative  situations  of  these  points  were 
computed  in  northings  and  southings,  eastings  and  westings.  We 
from  those  tables  such  data  as  we  shall  tijid  necessary  to 
•  •nablo  us  to  explain  and  solve  the  problem,  and  render  our  com- 
putations intelligible, 

The  position  of  first  tangent  point,  171  .UK;  f,vt  Mrtttog,  1 

easting. 
Th<-   bearing  of   tangent    lin<-   from   first   tangent   point,   N.   E. 

The  bearing  of  ra<  m   lirst   tan-cut   point,  8.  E.  A 

and  it*  length  =  503 -118  feet,  log.  =  8.701 

Tin-   position  of   tin-  rmtn-   of   the  curve  formed   by  the   above 
radius  =  837*34  f.-.-t  ^nthm-.  I:H;-:M;:I  f.-.-t  easting. 

The  position  of  second  tangent  point.  v.  t  northing,  50: < 

feet  westing. 
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The  bearing  of   tangent    line  from    second    tangent   point,   X.   W. 

61°  11'  £ 
Tlie  bearing  of  radius  from  second  tangent  point.  N.  K.  28°   1>    "7 

and  its  length,  ;;<Hr7n.")  feet,  log.  =  l>-.V)Mr,7S 

Tlie   })osition   of    tlio    eentre   of    the    curve    formed    by   the    above 

radius  =  4lL>-:!»H  feet  northing;  318-100  feet  westing. 

"Representing  the  first  tangent  point  by  1\  ,  and  the  second  tan- 
gent point  by  T2,  and  the  interior  tangent  points  by  T  and  T", 
(see  Fig.  11,)  the  centre  of  the  curve  with  the  radius  of  50.M  IS 
feet  by  (\  and  the  centre  of  the  curve  with  the  radius  of  39f>-7o."i 
feet  by  C';  then  will  C  T'  =  503-118  feet,  and  C'  T"  =  ;J!Mi-7a-> 
feet 

Having  constructed  our  diagram  in  conformity  with  the  data 
given,  we  commence  by  finding  the  distance  C  C'.  AYe  have  given 

the 

Position  of  C    =  327-424  feet  southing,  and  196-963  feet  easting, 

«        «    C'  =  412-364  feet  northing,  "     318-109  feet  westing, 

Diff.  of  northing,    739-788  feet  515-072  feet  diff.  of  westing. 

Having  obtained  the  difference  of  northings  and  westings  between 
0  and  C",  we  have  this  analogy,  to  find  the  bearing  from  one  to  the 
other,  viz.  Assuming  the  distance  C  C'  =  radius,  and  the  differ- 
ence in  the  northings  as  a  cosine,  and  the  difference  of  westings  as 
a  sine;  then,  representing  these  functions,  viz.,  radius  by  K,  the 
sine  by  #,  the  cosine  by  /•.  the  bearing  by  B, 

We  have     c  I  s  II   B  :  tan.  B  =    * 

or,  more  practically  to  express   the   same   thing,  we  have,  tan.  \\  = 
difference  of  westings,  divided   by  the  diiference  of   northings,  and 

Sin.  B  :  westing    : :  It  :  C  C'  = 
or,  Cos.  B  :  northing  : :  E  :  C  C'  = 


INSTRUCTIVE     EXAMPLE     OF     REVERSED     CURVES.          67 

Having  thus  found  C  C',  we  compare  it  with  the  sum  of  the 
radii,  viz.,  C  T  +  C'  T";  and  if  C  T'  +  C'  T"  be  found  greater 
than  C  C',  the  assumed  radii  will  be  too  great  for  the  relative  situ- 
ation of  things;  but  if  C  T  +  C'  T"  be  found  less  than  C  C  the 
two  curves  will  not  run  into  each  other,  and  must  be  connected  by 
a  pure  of  straight  line.  The  determination  of  this  straight  line  is 
thi'  object  of  the  present  investigation.0 

For  an  example  of  computation  we  have  given  the 

Position  of  C    =  327-424  feet  southing,  and  196  963  feet  easting, 

and  of  C'  =  412-364    "    northing,  "     318-109    "    westing, 


Diff.  of  northings,  739-788    "  "     515-072    "    diff.  of  westings. 

Difference  of  westings  =515-072     log.  =  2-7118680 

"northings          =739-788     log.  =  2-8691072 


Bearing  from  C  to  C'  =  B  =  N.  W.  34°  50'  50"- 24  tan.  =  9-8427608 

B  =  34°  50'  59"- 24  co.  ar.  sin.  =  0-2430665  co.  ar.    cos.  =  0-0858273 

Westing  =515-072    log.  =  2-2118680    northing  739-788    log.  =  2-8691072 


From  C  to  C'  =  901-435     log.  =  2-9549345            Proof,                log.  =  2-954<j;345 
The  "riven  radii  are 

From  Ti  =  503-  118  feet 

"       Ta  =  396-705 
C  T'  +  C  T"  =  r  +  r  =  899-823 

CC'  =90l-i 

Difference  1-612  f.-.-t 


C  C  li«'iiii:-  luii-.-r  than  C  T  -j-  C  T"  .  ii    ifl  «-vi«l«'iii    it   will   require 

ii-llt    lillf   In  rnlitl.vt    ill.  'in. 

*  It  i»  obvioos  that  If  C  C'and  (C  T  +  C'T")*rc  f.Hm.l  ih,   „„„„•  1,-mMh.  n,«-  <«••  will  nin  Int., 
each  other,  and  form  perfect  reverse  curve*. 
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^•presenting  ('  T  +  C'  T'  by  r  +  r,  and  C  C"  by  II.  we  have 

II    :  U         ::/••-  /•'  :  sin.  ('  or  sin.  (  =      l( 

Sin.  C    :  r+r  '::  000,  C  '  DC*t  I>  r  =  T  T    —  cotC(r+/) 


.-.  r  -f-  r'  =  899  -  -  ............  log.  =  2  •  H.M  1  :.7  1 

H  =  901-435  co.  ar.  ............  log.  =  7-(»t 

C  =  8G°  34'  22"  ............  sin.   =  D  •  l»yi»222t; 

And      C  =  86°  34'  22"  ............  cot.  =  8-  7772380 

r  -f  r    =  899-823  ............  log.  =  2-l>:>  4i:>7  1 


T'  T"    =    53-  888  feet         ............     log.  =  1  •  7313'jr)  l 

thus  found  the  h-n^th  of  tlic  strai^lit  liiu-  connecting  tlio 
two  curves,  it  becomes  a  matter  of  considerable  interest  to  kno\v  the 
mairiiitude  of  the  centre  an^le  iH-lon^ini;-  to  each  curve  ropect  ively. 


\Ve  found  tlie  hearing  from  C  to  C'  to  be  N.  W.  34°  50  -<>'••_>!  ; 
and  tlie  an-le  C  in  tlie  triangle  C  C'  D  =  80°  :M'  22",  the  comple- 
ment to  which  will  be  3°  25'  38". 

Then,  the  bearing  from  C  to  C'   .....................  =  N.  W.  34°  50'  50"  •  24 

It  is  obvious  that  if  we  subtract  the  complement  D'  C  C'  =  3°  25'  38" 


Will  leave  the  bearing  C  T'  and  C'  T" =  N.  W.  31°  25'  12". 24 

The  bearing  C  Ti  being =  N.  W.    4°  15'  25" 


Gives  the  centre  angle  Ti  C  T'  =  27°  09'  47"  -  24 

Again,  C'  T"  bearing  (as  above) =  N.  W.  31°  25'  12" -24 

And  the  radius  Tz  C  bears =  N.  E.    28°  48'  07" 


M  for  the  centre  angle  Tz  C'  T" =  60°  13'  19"-24 

Such  farther  elements  as  niav  he  denned  useful  in  the  location 
nii^ht  hi-  readily  ohtained  hv  sudi  of  the  preceding  formula  as  may 
he  found  applicahle. 
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(32)  There  will  doubtless  arise  in  practice  a  great  varvty  of 
••a,  or  conditions  requiring  reverse  curves,  many  of  them  requir- 
ing formula    entirely  different  from  those  we  have  been   inve>ti- 
gating,  whfle  there  are  many  others  which  will  require  merely  some 

Jit  modifications.  But,  to  repeat  what  has  been  more  than  once 
stated,  it  is  not  our  purpose  to  pursue  these  investigations  until  the 
subi  hausted,  but  only  to  present  those  cases  whieh  we  have 

presumed  would  most  frequently  occur  in  practice.  We,  however, 
have  another  class  of  curves,  the  greater  portion  of  them  reversing 
curves,  viz.,  turnouts  and  side  tracks,  which  may  be  worthy  of 
consideration.  We  will  therefore  proceed  to  the  investigation  of 
formulae  for  obtaining  the  necessary  elements  for  locating  them, 
and  in  the  same  connection  will  endeavor  to  ascertain  the  magnitude 
of  the  angles  the  rails  make  with  each  other  at  the  points  of  crossing, 
or,  in  other  words,  the  dimensions  and  form  of  the  frogs  necessary 
to  be  used  to  best  suit  each  particular  case. 

(33)  Before  we  proeeod  with   the  investigations.  I  would  make 
a  few   remarks  upon  the  switch-bar.     The  twitching  of   the  bar, 
preparatory  to   turning   a  train    upon  a  side    traek.  heeomes    an 
imjMiMant    <-lemeiit    in   our   investigation.      We   have    no  doubt  this 
element  would  he  couriered  by  jKTsons  who  have  not  fully  invoii- 
gaU'd   the  -iihjeet,  as  unnecessarily  complicating  our  formula-,  and 
of  course  our  coin] ml  at  ions. 

first  con.-ideraiion  in  pivparin-  the  M\itdi.  is  to  ascertain 
tin-  -mall-'-t  amount  *>\'  sliding  nioti.m.  that  \\ill  an-\\.T  t.»  pass  tlie 
\\  In -I-K.  and.  ;M  th.-  -aim-  time.  Lii\«-  firmness  and  senirit\  lo  tin* 
ends  of  llie  i.i  i  The  pattern  ol  iaiU  ^i-nrralh  u>ed  in  Mas>a- 
cliu-.-tt-  reijuire>  a  mn\  eim-nl  ••!'  abnut  five  im-ln-,.  and  the  pait.'in 
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for  the  switch  ra>tin«rs  used  to  secure   the  end<  of  tlie  rails,  and  to 
lirnmess   and  stahility  to  tlie  structure.  are  nearly  uniform    in 

their  dimensions  :   hence,  whether  the  switch  rail    he  lonu1  or  short. 

whether  the   turnout   he  of  lar.uv  or  small  radius,  the  switching. 
•in-lit  of  the  end  of  the  hars.  remains  the  same. 

It  may  happen,  however,  that  when  the  turnout  curve  is  required 
to  dinirly  severe,  and  we  desire  to  make  the  most  of  the 

m  we  have  at  command,  that  we  determine  by  calculation  the 
length  the  switch-har  (switching  five  inches,  or  the  amount  required 
hy  the  castings)  must  he  to  make  it  exactly  correspond  to  a  portion  of 
the  intended  curve,  and  the  switch  rails  are  accordingly  cut  to  that 
length.  Hut.  if  there  is  nothing  to  prevent  the  radius  of  the  turn- 
out from  taking  such  length  as  may  he  deemed  most  desirahle.  it 
the  hetter  policy  to  have  the  switch-hars  as  loii»-  as  the  hars 
with  which  the  track  is  laid,  or  is  heini;'  laid. 

The  longer  the  switch-har  is.  tlie  smaller  will  he  the  anirle  of 
deflection  occasioned  hy  switching:  and  the  smaller  the  deflecting 
alible,  the  less  the  impediment  to  the  passage  of  the  engine  and 
Caw,  and  less  spring-in""  of  the  har  than  ^hen  the  har  is  shortened  : 
and  of  cour>o  less  liability  to  accident. 


In  L-viirnil.  the  detle<-tion  of  the  switch-har  should  not  he  greater 
than  the  deflection  of  the  curve  for  the  same  length  of  arc.      ( 
will,  liov.  -,  -ur,  \\hen    the  deflection  of  the  switch-bars  of  the 

atesl     length     in     use.    \\ill    exceed     the    deflection    of    the    like 
quantity  of  arc.      Tli-  ir  frequently  at   the  connection  of 

branches:    and.  in    Lieiieral.  \\  e    may   say  (if  this   discussion    he   c 
ivctly  baaed)  that  the  switch-har.  \\lnMi  s\\  itched,  should  in  all  cases 
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be  considered  the  tangent  line  from  whence  the  curve  is  to  spring, 
or  commence.  It  may,  how* -ver.  be  neglected,  when  the  switching 
tly  corresponds  with  tlie  deflection  of  the  same  length  of  curve  ; 
hut  it  will  not  in  that  ease  interfere  writh  the  accuracy  of  the  calcu- 
lations to  then  consider  it  as  the  tangent  line.  Cases  may,  however, 
occur,  requiring  the  tangent  lines  to  be  continued  beyond  the  end 
of  the  bar  before  the  enrve  commences;  but  these  cases  will  not 
often  be  met  with. 

(  3  4  )  Having  said  thus  much  respecting  switches,  we  commence 
our  investigation  by  considering  tlie  most  simple  form  of  the  turn- 
out, viz.,  from  a  straight  track,  with  curves  of  equal  radii. 

i-:.    I  would   here  state,  for  the  information  of   the  young 

engineer,  that  the  side-track  curves,  when  there  is  nothing  to  inter- 

.  should  be  laid  to  a  radius  of,  say  from  five  to  six  hundred  feet; 

but  when   the  nature  of  things  demand  it,  they  may  be  laid  to  a 

radius  as  short  as   two  hundred   and   fifty  feet.     If  a  radius  still 

shorter   is   demanded,  it  becomes   necessary  to  lay  extra   rails  upon 

the  in-i.lenf  theciirvo.  and   as   near  tlie  rails  of  the  main  track  88 

can  be  well  >e,Miivd,  to  assist  in  supporting   tlie  centre  dri\ing 

els  of  the  eii-in.-.  which  \\ould  otherui-e   be  soinrt inics  unsup- 

d.  and  would  then  cause  the  engine  to  run  off  the  track.     I 

mark  that  the  double  rail  will  be  useless  when  the 

engines  have  only  one  pair  of  driving  \\ln-.-U 

•roceed  with  the  investigation.  We  first  ascertain  the  relative 
position  of  the  switch-bar,  or  the  angle  it  makes  with  the  main 
tra.-k. 


[Fia.     12.] 
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Let  S  represent  the  length  of  the  switch-rail,  and  d  the  distance 
'ule>  ;  ,S>  the  switch  angle,  or  the  angle  the  switch-rail  makes 
with  the  main  track  when  it  is  switched.     We  then  have 

S:  R  :  :  d  .  sin.  Sw  =  f-  or  tan.  Sw°  (32) 

Having  thus  obtained  the  switch  angle,  we  will  now  put  r  = 
radius  of  the  turnout  ;  a=CQ;  6  =  QT;  ^  =  C  A  ;  S  =  the 
distance  iM'tween  the  track  centres  ;  e=AT;#  =  TB. 

We  have  in  the  triangle  A  C  T,  to  find  q  and  e. 

R:  r  ::  cos.  Sw  :  g  =  r  .  cos.  Sw  ) 

(33) 
R  :  r  :  :  sin.  Sw  :  e  =  r  .  sin.  Sw  j 

Then  will  b  =  q  —  5  +  d,  and 

2  r  :  R  :  :  (r  +  b)  :  cos.  C'  =  -L±JL  (34) 

Cos.  C  :  (r  +  6)  :  :  sin.  C  :  a  =  tan.  C  (r  +  b)       (35) 

We  also  have  <i  —  e  =  g;  and  the  angle  C  ^=  C  —  Sw. 

We  have  now  found  the  principal  elements  necessary  for  locating 
and  marking  the  centre  line  of  the  turnout;  \\luitr\vr  practice 
ri'ipiin-s  io  fill  up  tin-  details  may  readily  be  supplied  from  formulas 
given  in  the  preceding  pages. 


(  !{•)  )  Th«-  frog  angle  next  claims  our  attention. 

distance  bet  w  mi  the  rails,  or  in  <>ther  \\.mls,  the  guage  of  the 
track,  by  A,  we  have  C  F  =  r  +  i  h;  and  C  ®  =  r  —  J  h  +  d; 


•  To  be  rtrtctiy  wuct,  we  make  OM  of  the  follow  I  tif  uulofy : 

5  :  R  : :  M  :  do. 

I  tkto  fonnnU  to  niUier  •  nananiMit  than  otherwtoe,  M  diher  of  the  two  first 
\j  exact  ft>r  practice,  ad  mare 

I. 
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and  the  angle  C  0  F  =  !»o°-f  AVw.     We  now  h.-ive,  in  the  triangle 
C8  F,  r  +  i  A:  sin.  (:M)°+  Sw)  ::  r  —  J  7*  +  d  :  sin.  F  = 


•in.(9QQ+5ir)(r-i*-hO 


:i,  drawing  at  V  the  tangent  line  F  M,  which  of  course  must 
beat  right  angles  to  ('  J<\  it  will  he  apparent  that  the  frog  angle 
M  F  0  will  he  a  complement  angle  to  F  as  found  ahove  ;  where- 
foiv.  we  have  00°  —  F  =  M  F  0  ;  and  the  angle  at  the  centre  C, 
will  he  equal  to  180°  —  (0  +  F  ;)  or,  which  amounts  to  the  same, 
C  =  M  F  0  —  Sic;  and  the  chord,  which  we  represent  hy  ch,  from 
the  month  of  the  switch  upon  the  outside  rail  of  the  turnout  track, 
to  the  point  where  the  frog  angle  should  he  placed  in  the  main 
track,  may  be  ascertained  by  the  following  analogy  : 

SiH.  j  (180°  -  C)  :  r  +  |  h  :  i  sin.  C  :  ch  =  i^+J  &  (37) 


The  chord  just  found  will  he  of  great  convenience  to  the  track- 
it   will   show  them   the1  proper  place  lor  the  frog,  which 
should  be  put  into  the  main  track  when  they  are  laying  it  down. 

Having  thus   obtained   our  formuhe,  we   now  proceed  with   an 
example  of  computation. 


will  assume  r=  499'72;">  feet,  which  gives  a  deflection  of 
fur  a   25   ft.  chord;   7i=  1*7  feet;  d  =  5  inches;  8=  iM 
and  &=  11  fee*. 

By  formula  (:\'2)  we  have 

d    =5  inches  ............     1<>S.  =  0-6989700 

S    =  2:,J  inrhos  co.  ar.       ............     log.  =  7  •  5985995 


Su>=  1°  08'  12"  tan.  =  8-2975695 
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,    C33) 
Again, 


010 

,     ]ft{r 

—  vyyyviw 
—  9,RQft7^O7 

4QQ    fi9fi9  fV»pt 

Intr 

—    9    I'l'lst'i.!  V 

9 

Sin 

—   10  Aft/    12" 

log. 
,     g:n 

—  8'9_Q74ft9n 

—  o   fiOft7on7 

,     ]0« 

—  n  ,  oqnoi  07 

O  r 

Inrr 

—   7tfM">ft^TQ1 

loir 

—    9.QQ«iOQ44 

Cl 

—   QtQQ'S'^^'l? 

CJ 

—  8°  23'  02"  -7 

—   0-  Ifift-l'Wl 

r  4-    A 

—    •>  .  'I'I')(V(4.1 

r  -t-  o 

Irwr 

—   O,l  fi't'\Tl'\ 

• 

=      9-9131 

(35) 


—  e    =  135-8117 


the  distance  on  the  main  track  from  the  mouth  of  tlu>  switch  to  a 
point  opposite  T,  T  being  off  at  right  angles  from  the  point. 


C'     =    8°  23'  02"«7 

Su>    =    1°  08'  12" 


Cy  —  Sw  =  C  =    7<>  14'  50"- 7 

r  +  $  h            =  502-0746  feet  co.  ar.    log.  =  7-2998318 

90°+  Sio         =  91°  08>  12"  sin.  =  9-9999145 

r  4-  d  —  |  h  =  497-7912  feet  log.  «  -' 

F                       =  82°  25/  31"  tin.  «=  '.» 

(36) 

•0°  —  F  —  frog  angle  —  7°  34'  29" 

Sw  —  1°  08'  i 
Frog  angle  —  Sw  —  C"      —  6° 

angle  at  C  in  tin-  triangle  TCP. 


!   I   L      FORMULA. 

i  (180°—  C)  =  86°  46'  51". 5    co.  ar.     sin.   =  0-0006858 

r  +  %  h  =  508*0746  feet  log.  =  2-7007682 

=  6°  26'   17"  sin.   =  9.0497178 


ch  =  56-386  feet  log.  =  1-7511718 

chord  tlistaiiiv   from   mouth  of  switch  to  tin-  un-lr  of  tin- 
tlu-  out>ide  rail  of  the  turnout. 

•apitulatkm  of  the  elements  obtained,  vix.. 

Centre  angles  C'      =     ........................................      8°  2,v 

"      C       =     ........................................     7°  14'  r>o".7 

Frog  angle  M  F  ©  =      ........................................      7°  34 

Chord  distance  from  the  mouth  of  switch  to  mouth  of  frog,  (outside  rail,)  56-386  feet. 

(36)   We  find  wanting  the  relative  position  of  the  point  where' 
the  cnn*  The  formula  will  he 

Sin.  i  (180°  —  C)  :  r  ::  sin.  C  :  e  =   ^™;  ' 
wherein  c  =  the  chord  distance  from  the  centre  point    hctween   the 
mouth  of  the  switch-hars  when   switched,  and  the  point  where  the 

revel-SOS. 


Then,  to  find  the  chord  of  the  reverse  curve  =  </,  we  have 

Sin.  |  (180°—  C')  :  r  :  I  sin.  C'  :  c  ===  _  '^  ^°  -.51         (;;;,) 
••ntini:-   l»y   r    in    the.   lure^nin^-   analogy,  tlie   cliord    from    tlie 
jMiint   to  the  tangent   poini    I    , 

I    \    \  M  I'M:       01  <    «»M  1'  I    TAT  l<>  N 

^  (180°—  C)  =  86°  22'                                 vin.    •  0>  00064 

r      =  4'.r..                                           log.  =  2.r.:»s7.",o7 
C    =  7°   1  T                                   sin.    •• 


c     =63- 167  feet  log.  =  1  -8004913 
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|  (180°—  C')  =  85°  48>  28"- 65  co.  ar.    sin.  =  0-0011635 
r     =  499- 725  feet  log.  =  2-6987307 

C'    =  8°  23'  02"-7  sin.  =  9-1631819 


d    =72-  958  feet  log.  =  1-8630761          (39) 

(37)  To  lay  down  the  chords  c  and  c  ,  we  commence  by  placing 
tlu>  theodolite  at  the  point  in  the  centre  of  the  mouth  of  the  switch, 
when  switched  ;  then,  pointing  the  telescope  in  the  direction  towards 
B,  in  a  range  parallel  with  the  main  track,  lay  off  an  angle  towards 
the  side  of  the  road  to  which  the  switch-bar  switches  =  (90°  —  Sw) 
+  J  (180°  —  C,)  then  measure  from  the  instrument  the  distance  c 
for  the  reversing  point.  Then,  moving  the  theodolite  to  the  reversing 
point,  and  directing  the  telescope  to  the  point  just  left,  (to  wit,  in 
the  centre  of  the  mouth  of  the  switch,)  lay  off  an  angle  towards 
the  main  track  =  180°  —  i  (180°  —  C)  +  }  (180°—  C',)  and 
measure  the  distance  c  for  the  tangent  point  of  the  turnout.  The 
remainder  of  the  laying  out  may  be  performed  by  deflections,  or 
other  methods,  as  explained  in  the  foregoing  pages. 

have  now,  I  think,  obtained  every  element  necessary  for 
locating  and  marking  out  a  turnout  from  a  strain-lit  track.  and  for 
making  a  frog  pattern  to  suit. 

N.  B.    If  the  tangent  points,  tin-    iv\er>inu-   ]H»int,  and   the  place 
I    IN-    distinctly    and    proju-rly    marked,   and    the    rail- 
pr«i|H-rly    curved,    a    -kill'ul     tra'-kla\er    would     put    ill    a    turnout 
without  further  laying  out. 


(  !t  ft  )  \\  '••  IM.VS    pi,,  id.-  in\,  n  ,,r  r..  i  mill.  »•  for 

deteniiiiiiiii:    tin-  radiu-  «•!    a  I  iinmut    from    a    Mraivjit    track    ,-uil.d 

to  a  given  frog. 


[I1  JG. 
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Let  Sw  represent  the  switch  angle. 

Fr  "  "    frog         " 

C  "  "    centre      " 

A  "  one  of  the  equal  angles  in  isosceles  triangle  AFC. 

h  "  the  distance  between  the  rails. 

d  "  "         "        the  switch  slides. 

r  "  "    radius. 

We  now  have  in  the  triangle  B  C  F,  (See  Fig.  13,)  the  angle 
at  B  =  90°  +  Sw;  the  angle  at  F  =  90°  —  Fr;  and  the  angle  at 
C  =  180°  —  (B  +  F.)  Then,  in  the  triangle  A  B  F,  representing 
F  by  F«,  and  B  by  B*,  we  have  the  angle  A  =  }  (180°  —  C  ;)  and 
the  angle  F*  =  (A  —  F,)  F  being  =  (90°—  Fr)  as  above,  and 
tlu«  angle  B*  =  90°  —  8w. 

Having  thus  determined  the  angles,  we  have  in  the  triangle 
I   A  B,  A  B  =  -i=£-;  that  is,  sin.  B*  :  h  —  d  :  :  R  :  A  B  ;  then, 
•  11  ting  F  A  by  cA,  and  A  B  by  w,  we  have 

Sin.  F,  :  *  :  :  sin.  B,  :  ch  =  J-  = 


•   :  -!,  :  :  ,in.  A  :  r  +  J  h  = 
then,  by  subtracting  J  h  we  have  r. 


EXAMPLE     OF     COMPUTATION. 

Fr  =  7°  34'  29";  Sw  =  1°  08'  12";  h  =  4-7  fret  ;  d 
0-41GG;  t 

MO  MO  1800 

c  = 


I  -    W  900  -  5»  » 880  51' 4»"  =  B,         p, 
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F2  =    4°  21'  20"- 5  co.  ar.  sin.  =  1-1194836 

C  =    6°  26'  17"      co.  ar. sin.  =0-9502822 

A       =  86°  46'  51". 5      sin.  =  9-9993142 

h  —  d    =4-2834  log.  =  0-6317886 


r  -f  £  A      =  502-19  feet  log.  =  2-7008686 

$h       =       2-35 

r  =  499-84 

We  have  thus  found  the  radius  =  499  '84 ;  it  was  intended  as 
a  reverse  of  the  previous  problem,  which  gave  499*725  feet.  The 
difference,  it  will  be  perceived,  is  a  mere  trifle,  and  is  owing  to  the 
loss  of  small  fractions  in  the  frog  angle,  and  by  using  tables  of 
limited  extent. 

(39)  The  next  form  of  a  turnout  which  we  shall  consider,  is 
one  which  shall  turn  out  upon  the  outside  of  a  curve. 

Retaining  the  same  length  of  switch  we  had  in  our  preceding  cal- 
culation, of  course  the  switch  angle  will  remain  the  same.  Thru, 
representing  the  switch  angle  by  8w ;  the  slide  motion  by  d;  the 
radius  of  the  main  track  by  r;  the  radius  of  tin-  turnout  by  r'; 
the  radius  nt'  tin*  side  track  by  /';  and  tin-  line  C  C  by  a,  we  have 
in  the  small  triangle  C  A  C,  two  sides,  and  an  included  anirle,  vi/... 
angle  at  A  =  the  supplement  of  the  switch  angle  Sw,  and 
C  A  =  r;  C  A  =  r,  to  find  the  remaining  side  a,  and  the  angles 
CandC. 

This  problem  has  been  so  often  investigated,  and  is  so  well  under- 
stood, that  I  have  deemed  it  unnecessary  to  give  an  investigation. 
We  however  give  a  formula  in  connection  with  the  investigation 

of   the    turnout*,  SO   that    the   enmputer    is   enabled,    without   being 
M 
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obliged  to  look  up  at  the  time,  elementary  works  to  supply  the 
ncy  of  such  papers,  or  to   refresh  his  memory,  where.  ju-r- 
chance,  he  may  be  somewhat  in  douht. 

In  the  following  formal*  we  shall  use  the  symbols  by  which  we 
represent  the  triangle  under  consideration. 


Tan.  X  =  <^W->       *>"•!  .   .m(1  x  +  j  (18Qo_  A)  =  c  . 

audX  —  I  (180°—  A)  =  C. 

And  sin.  C  I  r  +  d  ::  sin.  A  :  a.=  -£-+  ^  A  (40) 

or,  by  way  of  proof,  we  have 

Sin.  C  :/  ::  sin.  A:a=  "^ 

which,  if  our  previous  computations  have  been  correctly  performed, 
the  results  of  this  and  the  preceding  analogy  will  be  alike. 

(40)  Having  solved  the  small  triangle,  we  next  endeavor  to 
find  the  magnitude  of  the  frog  angle,  and  its  relative  position  in 
the  main  track.  For  the  accomplishment  of  which  object,  we  have 
in  the  triangle  C  F  C  the  three  sides,  to  obtain  their  angles. 

Having  obtained  their  angles,  we  then,  by  the  solution  of  the 
triangle  C  A  F,  obtain  the  chord,  which  we  shall  represent  by  cli,  and 
which  will  give  us  the  distance  of  the  frog  angle  in  the  main  track 
from  the  mouth  of  the  switch  upon  the  outside  rail  of  the  turnout, 
or  from  A  to  F.  We  also  give  the  following  formula,  without  ^-oin^ 
into  a  #-neral  investigation,  using  the  symbols  by  which  we  repre- 
>•  nt  the  lines  of  the  present  triangle  under  consideration,  llcpre- 
siMitiiiLC  the  guage  of  the  track  by  A,  we  have,  in  the  triangle 
C  F  C,  the  line  C  C  =  a,  obtained  by  (40  ;)  the  line  C  F  =  r  + 
\  //,  \vlii.-h  u<-  iv],  resent  by  b;  the  line  C'  F  =  r  +  i  h,  which  we 
ivjuvsont  by  c. 
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If  we  now  put  p  =  J  (a  +  b  +  c)  we  have 

Tan.  i  F  =  (  (^«  LV~)*5  and  tan'  *  C'  =  (^7^7°)^ 

C  =  (^£^)*;  (41) 


and  ISO0—  F  =  frog  angle  =  F. 

Substituting  CTa  for  C  as  obtained  by  formula  (40,)  we  have 
Sin.  i  [180°—  (CT  —  Ct)]  :  c  ::  sin.  (C  —  CT«)  :  ch 


—  C',) 


—  C'—  C'a) 

or,  probably,  in  practice,  the  following  may  be  substituted  with  con- 
venience, viz., 

R  :  2c  :  :  sin/i  (CT  —  C'*)  :  ch  =  sin.  J  (C'  —  C»)  2<?      (42) 

(41)  The  next  step  in  our  investigation  will  be  to  ascertain  the 
reversing  point,  M  ;  and  the  terminus  of  the  reverse  curve,  T.  For 
tli  is  purpose,  in  the  triangle  C  C  C"  we  have  three  sides,  viz.,  the 
side  C  C  =  a,  from  (40  ;)  side  C  C"  =  2  r;  and  the  side  C  C'  = 
C  T  —  r;  and  C  T  =  r  +  <5;  therefore,  C  C"  =  r  +  &  —  /. 

M  ting  by  8  the  distance  bctwr.-n  centre  lines  of  the  main 
irks  and  substituting  b  for  C  C",  and  c  for  C  C',  wo 
obtain  the  angles  by  (41  ;)  ami  then,  to  find  A  M,  which  \\c  n  'pre- 
sent by  ch',  we  have 

i:  :  -V  :  :  sin.  }  (C  —  Ct)  :  ch'  =  iV  .  sin.  J  (C  —  C.)      i 

Then.   In  lillil    the  eh.  -I'd    M    T.   \sliirb    \\e   represent    |,\    ,-/,     ,   ue    l|M\e 

.  i  (180°—  C')  :  ch"=  LV.  sin.  i  (180°—  C")        (48) 

!••    l.i\    nil'    tli  ire     tile     ill-l  I'll  liM'Ilt    :il     tile   <<'li< 

th«-    iimuth  ..!'  the  M\iteh,  \\lu-n  switched,  jM.intin^  in   the  diiv.  tieii 


84  USEFUL     FORMULJB. 

parallel  to  the  tangent  of  the  curve  of  the  main  track,  (the  tangent 
to  the  c-urvo  of  the  turnout  will  be  found  to  vary  from  the  tangent 
of  the  main  track  in  amount  equal  to  the  switch  angle;)  lay  off  an 
angle  towards  the  turnout  side  of  the  road  =  90°  —  Su>  + 
J  (180° —  C;)  then,  measure  the  chord  ch  to  M,  the  reversing 
point;  then,  moving  the  instrument  to  M,  and  pointing  it  to  the 
station  between  the  mouth  end  of  the  switch-bars  just  left,  lay  off 
an  angle  on  the  side  towards  the  main  track  equal  to  180°  — 
i  (180°—  CT)  +  J  (180°  —  C";)  then  measuring  the  chord  ch"  to 
the  tangent  point  T. 

We  think  that  further  details  of  the  method  of  locating  the 
curves  need  not  be  here  given,  the  principles  having  been  fully 
explained  in  the  foregoing  pages. 


To  proceed   with   an   example  of   computation.     We  put  r 

i97  feet;   r  =499-725  feet;   7*  =  4-7  feet;   d  =  ( 
feet ;  6  =  11  feet ;  Sw  =  1°  08'  12" ;  and  of  course  A  = 

1780  si/  48" 
2)  10  os'  12" 


00  84*  06"  (40) 


co.  ar.  log.  6-2055302 
log.  3-7185256 
tan.  7-9964947 
tan.  7-9205605 


00"-000 
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=  10  0* 43*  -778  co.ar.  sin.  =1-7388259  C  =  QO05'  28"-228  co.  ar.  sin.  =2-7982497 

=  5730 -013  feet  log.  =3-7581556  499 -725  feet                    log.  =  2*6987311 

=  178051'48"  aln.  =8-2974820  8-2974820 

=  6->-".» •  6 J?  fret  log.  =3-7944635  3-7944628 


NOTE.   By  a  more  strict  computation,  the  second  analogy  gave 
the  same  results  as  the  first. 


(41) 


r 
r  +  i  * 

a 
1 

e 

P 

p  -  b 
p  —  c 

=  5729-597 
=   2-350 

r1      =  499-725 
i  A     =   2-350 

=  5731-947  = 

=  6229-641 
=  5731-947 
=  502-075 

b        !*•  +  i  4  =  502-075  =  c 

log.  =  3-7946157 
log.  =  0-3404441 
log.  =  2-6988693 
log.  =  3-7581362 

2^12463-663 

=  6231-831 
=    2-190 
=  499-884 
=  5729-756 

p            co.  ar.  log.  =  6-2053843  p  co.ar.  log.  =  6-2053843 

p  —  a  co.  ar.  tog.  =  9-6595559  p  —  b  co.ar.  log.  =±  7-3011307 

p  —  b  log.  =  2-6988693  p  —  c  log.  =  3-7581362 

p-c  log.  =  3-7581362  p-a  log.  =  0-3404441 


^22-3219457 


=    860  oy  or- 44    um.  =  11-1609738  J  C'  =  SO  37'  53"-46    tan.  =    8-8025476 

I  2 


171°  Of  08»-88  C'     =s  70 


?o  5V  51*'  IS  a  the  frog  angle. 


?  eo.ar.  tog.  =  6- 

^  -  c  oo,  ar.  log.  =  6-2418639 

,  —  •  log.  =  0-3404441 

f  _  »  Jog.  =  S- 


I  c  =  to  ir  or-tt  i 
_  f_^ 

o     -  oo  ay  or-ia 
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C' 

iy   46"  -93 

C', 

=  1°  0*  43"-77 

2)60   13*  03"  -16 

i  (C'-  C',) 

=  3°  06'  31"  -58 

sin.  =  8-7 

r  +  i  A 

=  502-075  feet 

log.  =  2-7007686 

2- 

log.  =  0-3010300 

ck 

=    54-457  feet 

log.  =  1-7360517 

(42) 


a 

=  6229-641 

r  +  6  —  r1  = 

6  =  5240-872 

2  r  =  c 

=     999-450 

2\  12469  -963 

/> 

=  6234-981 

log. 

=  3-7948352 

p  —  a 

=        5-340 

log. 

=  0-7 

;,  -  ft 

=     994-109 

log. 

=2  2-9974341 

p  —  c 

=  5235-531 

log. 

=  3-7189608 

p  co.  ar.  log.  =  6-2051648 

p  —  a  co.  ar.  log.  =  9  •  . 

p  —  b  log.  =  2-9974341 

p  —  c  log.  =  3-7189608 


2 122-1940184 

85°  25?  37" -62  tan.  =  11-0970092 
2 


C"  =   170°  51'   15" -24 


p  co.  ar.  log.  =  6-2051648 

p  —  b  co.  ar.  log.  =  7-0025659 

p  —  c  log.  =  3-71^H,(H 

p  —  a  log.  =  0  : 


30  5V  32"- 15  tan.  =    fc 
2 


C'  =  7°  41'  04" - 


p  co.  ar.  log.  =  6-2051648 

p  —  c   co.  ar.  log.  =  6-2810392 
p  —  a  =0-: 

=  2-9974341 


p  -  b 


00 


50"  -21  tan.  =  8-1055897 


C"  =  170°  51'  15" -25 
C'  =  7°  41'  04" -31 
C  =  1°  27'  40"-43 


1800  oo*  00" -00 


C'  =   10  27'  40" -42 


j  (1800  _  C")  =  4°  34'  22" -.T7  «in.  H-!inH;of,ii 

r  =  4M-7.;.r.  f.-.t 

2-000  •-.•MlHi.TOO 

cA"  = 


(48) 


TURNOUT     TO      GIVEN      FROG.  87 

We  have  thus  completed  the  computations  necessary  to  find  all 
the  leading  or  principal  elements  of  a  turnout  upon  the  outside  of 
a  curve  in  the  main  track;  and  whatever  of  unexplained  detail 
may  be  required  can  be  computed  in  the  field,  as  the  computations 
will  be  both  short  and  simple. 

Let  us  now  reverse  the  problem  by  supposing  that  we  possess  a 
frog  of  given  dimensions,  and  are  desirous  to  make  it  serve  us  in  a 
turnout  from  the  outside  of  a  curve  in  the  main  track,  whose  radius 
of  course  we  know.  It  will  then  become  necessary  to  ascertain  a 
radius  for  the  turnout  which  will  be  suited  to,  or  compare  with,  the 
angle  of  the  frog. 

(  42  )  Without  further  remark  we  will  proceed  to  the  investiga- 
tion of  a  formula.  To  render  this  investigation  plain  to  the  under- 
standing,  it  may  be  necessary  to  become  rather  more  particular  in 
' '.in^  the  figure  or  diagram  upon  which  it  is  based,  than  it  has 
'fore  been  our  custom.  Making  use  of  the  same  notation  of 
receding  problem,  as  far  as  applicable,  we  will  commence  the 
construction  of  the  figure  at  the  point  where  the  angle  of  the  frog 
is  to  be  placed  in  the  outside  rail  of  the  main  track,  vi/,.,  at  F ; 
from  thence  we  draw  a  line  to  C  =  r  +  J  ''.  lnr  tm'  radius  of  the 
outside  rail  «»t'  the  mrve  in  the  main  track,  and  describe  a  portion 
of  the  arc ;  then,  from  the  same  centre,  with  a  radius  =  r  +  i  h  + 
d,  describe  the  arc  Ss;  and  with  a  radius  =  r  —  J  //,  describe  tho 
inner  rail  of  the  main  curve.  At  K  lay  off  an  angle  from  FC  = 
the  frog  angle  +  the  switch  angle,  and  in  accordance  therewith 
draw  the  line  F  C"  =  r  —  k  h  -\-  d;  and  then.  IVoin  tho  point  C" 
as  a  centre,  with  a  radius  =  r  -f  i  h,  describe  the  arc  AS:  the 
intersection  of  the  arc  with  the  little  arc  8 9  at  8  will  he  the  place 
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of  the  mouth  end  of  the  switch-rails,  when  switched :  then,  draw 
the  radius  from  C  to  S,  and  continue  the  same  indefinitely  on  the 
opposite  side :  iVoin  S  draw  the  line  S  CT,  making  an  angle  with  the 
tinned  radius  =  the  switch  anule:  then,  continue  the  line  C"  F 
indefinitely,  and  draw  the  line  F  C',  making  an  angle  with  the  con- 
tinned  line  F  C"  =  the  switch  angle ;  the  intersection  of  the  lines 
S  C  with  F  C'  at  C'  will  determine  the  length  of  the  radius  of  the 
turnout.  If  we  now  unite  S  C"  and  C  C",  we  shall  have  a  sym- 
metrical ti^ure  containing  two  triangles,  S  C  C"  and  F  C"  C,  which 
are  similar  and  equal.  We  shall  have  also  the  triangles  S  C  F  and 
F  C"  S,  which  are  similar  and  equal. 

( 4  J )  Having  thus  completed  our  figure,  we  commence  our 
investigation  by  endeavoring  first  to  find  the  angle  S  C  F. 

We  have  th«-  angle  C  S  C"  =  the  angle  C  F  C",  and  the  angle 
C  F  C'  as  before  stated  =  the  frog  angle  +  the  switch  angle.  In 
tin-  triangle  C  S  C"  we  have  the  aii^le  S  =  the  frog  -f-  the  switch 
angle ;  and  the  side  SC  =  r—  \h  +  d;  the  side  S  C"  =  r  +  J  h. 
Aa  v  -.itrd,  the  angles  S  C  C"  and  F  C"  C  are  equal  : 

IH-IU-I'.  it  is  nhvious  that   the  angle  sought,  ris.,  S  C  F,  is  =  to  the 
06  between  the  angles  S  C"  C  and  S  C  C';  to  find  which,  ire 

-(r-\h  +  d)  :  (r+i  *)~  (r-JA-7 
::  tan.  |  [180°—  (JFV+  8u>)\  :  tan.  V  ftnd  •_'  X   -  <  .  th.-  angle 
sought.  (  I  !  ) 

'  •mid    In-  to  find   the 

•ad  tli.-  »Jd<-  S  !•'  in  th  eC  8  f.  ivlii.-li  could 

l.ir    to    the  a1  '  :)    hut. 

MI.  we  pass  that   h\ . 


rOBMl   ! 

\Ve  therefore  have,  in   the  quadrilateral    ii-'iuv  C  S  C  F,  tlic 

at  r  =  •_'  X:  tin-  an-i-le  at   s  =  i  sn°  +  tin-  switch  angle;  the 

nn-le    at    F  =   (180°  —   fn'i:   aiiirle.)  and    the   an-h-   at    ("=the 
explenientary    alible,   or   which    sliall    make    tin-    sum    of    all    the 

.  Vs  =  ;;r,ir.  It  i-  no\\  apparent  that  it  will  he  roiivenieiii 
represent  hy  the  Letter*  ('  SO  F.  the  angles  belong-ill";  to  tliree 
distinct  figures.  viz.,  the  angles  of  the  quadrilateral  just  named: 
the  aii-les  of  the  triangle  ('  S  F.  and  of  the  triangle  ("  S  I-'.  For 
the  ])iirpo>e  of  im-vi-ntin^  confusion,  when  A\V  use  the  letters  to 
denote  an  an^le  of  the  quadrilateral,  they  will  not  l>e  accompanied 
l>y  any  distinguishing  mark.  AVhen  to  denote  an  anirle  in  the 
triangle  C  S  F,  they  will  he  marked  thus,  (1i  S!  Fi  :  and  when  to 
;i  anirl.'  in  the  triangle  ("  S  l-\  they  will  he  marked  thus, 
Ca  Ss  F  =  .  AVe  shall  also  denote  the  frou1  an^le  hy  Fi\  and  the 

To  proceed   with   the  investigation.  We  have 

i  (180°  —  C'=  )  =  S2  =  Pi  :  and  F  -         =  F,  ; 
and  S—  g.=Si. 

Having  thus  ohtaincd  all  the  angles  of  hoth  triangles,  we  have 

..  s,  :  r  +  J  h  ::  sin.  (',   :  S  F  =  (r  +  -s";;;m  '  (I-) 

:it  in  in-'  ,-  for  S  F.  we  have  an  equal  expression,  which  we  fre- 
quently n<e  l.\   \v;i\  (A'  proof  to  our  work,  vi/... 
- 


W«-  next  ha\  •        :   0   ::    sin.  !•'•  or  S.    :  /=  the   radius  of 

the  tun;  lit.  (  \C,) 
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I \ AMPLE     OF     COMPUTATION. 

AY, •  will  suppose  r=  T>7 29 -597  feet;  Fr*=  7°  53'  51"-12;  Sw  = 
1°  08'  12",  to  find  the  radius  of  turnout  /. 

FT  =    ?o  53f  51"'  12 

Sw  =    10  0&  12" 


Fr  +  Sw  =    90  02'  03"- 12 


J    170  057'  56"'  88 


Sw])         =  85°  2Sf  5ff"  44 


r  +  i  A  5731-947 

r  —  J  A  -f  d  5727-663 


(»•  +  J  *)  +  (r  —  i  *  +  d)  =  11459-610  co.  ar.    log.  =  5-9408302 

(r  +  *  A)   ~  (r  —  i  k  +  d)  =          4-284  log.  =  0-6318495 

i  (1800  —  [Fr -f  5«c])  =  =     85O  2S7  58"-44  tan.  =  1-1023618 

X  =      00  16'  16" -03  tan.  =  7-6750415 

L  (44) 

C   =  2X  =       00  3*  32"'06 

(1800  _  fr)  =  F  =  1720  06'  08"-88 

1800  +  5«,  —  a  =  1810  oe/  12"-00 

O*  =      60  \y  07" -06 


3600  W  00"-00 


1800  00*  00"-00 
C't  =60   iy  07" -06 

8,  as  F,  =  1  (1800  —  (X,)       »    8*o  59  86"-47          8,  =    86O  53*  26"-47 
P  =  1780  of  08*'88  8    =   181O  <#  \V 


F,  =     850  i*  4j". 41          g,  =     940   U/  45^.53 

8,  =     940   H'  45* -88 

IX  K  C,  =      00  3*  38*-06 

I-"      I"     ' " 


8,  =    NO  14*  4fi**53    co.  u.    .In.  =  0-0011936 

r  +  i  *  =     S7SPM7  CMC  lof.  a  3" 75680*  1 

C,  =      oo  3*  ar-06  iln.  =  7-t76*lS 

io«.  a  i-nmn 


[Fio.     16.] 
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F,  =      850  iy  42" -41    co.  ar.    sin.  =  0-0015188 

r  _  j  *  +  d  =5729-663  feet  log.  =  3-7579775 

C,  =        0°  3*  32"-06  sin.  =  7-9760615 


c  =  log.   =  1-7355573 

C',  =60  19f  01"  -06  co.  ar.    sin.  =  0-9652810 

Ft  =     860  saf  26"  -47  sin.  =  9-9993601 

r>  =     501-41  feet  log.  =  2-7001984    00 

We  have  thus  found  r  =  501  *41  feet.    It  was  intended  as  a  re 
of  the  jnvvionx  ease;  there  we  assumed  /  =  490-725;  the  differ- 
8  is  a  trifle,  being  only  l'G85  feet,  which  is  not  astonishing 
when  we  consider  the  acuteness  of  the  angles  we  have  to  use  in 
some  of  the  trian_ 

I  ought  not  to  close  my  remarks  without  an  acknowledgement 
of  my  indebtedness  to  Mr.  Percival,  of  Sandwich,  for  the  man- 
ner of  constructing  the  figure  which  has  led  us  to  the  foregoing 

ion. 

(44)  We  next  examine  a  turnout  from  the  inside  of  a  curve 
in  the  main  track. 

Retaining  our  tnnner  notation  as  iar  as  practicable.  we  have  in 
the  triangle  S  C  C,  the  line  8  C  =  r  —  -d;  S  CT  =  /;  angle  S  = 
switch  angle  to  find  the  >id.-  ("  (1  (\\hidi  we  denote  by  «,)  and  the 
angles  CT  and  C  ;  wh,  n  fmv.  (r  —  d)  +  r  :  (r  —  d)  ^  r  ::  tan.  i 

(18CT  —  S)  :   tan      X  =     ^Ut8^:(r-<0^rO     ftnd    j    (18Qo  _  g) 

+  X  —  CT;  and  i  (180°  —  S)  —  X  =  C. 


n.  CT  :  r  —  d  ::  sin.  8  :   *  =    r"^L"^8    ?  or.\\ 
sin.  <':,::          S    ;  *  •  *£* 


Haying  found  /»,  we  have  in  the  triangle  C  (7  C"  the  side  C  C 


I  i-  r  i.     ro  i:  M  i 

=  x.  as  found  above;   tho  -ide  (  '   (.'"  =  _  /;    mid    tho  side  C   C"  = 
(r  —  <X)  +  ''    to  n'nd  tnr  anirles.  which  \\e  do  by  foniiula  (11) 

Having  thus  found  the  an  "Jos  required.  wo  will  dciioto  the 
triangle  S  ('  ("  NO.  1,  and  represent  tlio  an.irles  in  said  triaii"Jo 
by  81,  Ci,  CTi  :  and  tho  triangle  ('  (."  ('"  No.  '_',  and  ivpro>ent 
tin-  angles  by  C»,  CV,  C"s  j  and  tho  trian^-l  i  No.  -'Land 

ro]>r«'>t-nt    tlio   anii'los    in    said    trian^h'    by   83,  C'  :•  .    .M    .   and    tho 
trianirlo  C"  M    'I  and  shall  accompany    tho   lottors  donotin^ 

tin-   angles   by    1  :   and  so  on  of  siu-h   othor   trian^los   as   mav  ontor 
into  our  investigation  in  tho  order  they  aro  presented. 

We  will  now  prorord  to  tind  the  ehoi'd  S  M,  which  we  shall 
denote  by  rJi  :;.  In  trinn.u'lo  No.  8,  W6  have  ("a  =  C'  i  —  C'  -.-  :  and  .1 

(]M.    —    Ca)  =  8»»  Ma:    thi'H   will 

Sin.  S,  :r  ::  >in.  (T3  :  chz  = 

In    trian-lo    ("  M    T   =   \...    1.   we    havo    (  "'  4    =  C"  -,  :  and    \ 
—  C"4)=  M-,  =T.,:  thon, 

Sin.  M  ..:/::  sin.  ("'4  :  rj,,  =  r'  ™  (lit) 

Thon.  jdittin-  <  I  (  "  for  No.  T>.  we  have  C"  K  =  r  +  i  //;  <  '  !•' 
=  r  —  J  7i;  and  C  C'  as  found  in  No.  1,  (which  we  called  x.i  to  tind 
tlio  anil1!''  lorniula  (II) 


Having  found  tho  aiiLi'b-s.  tlio  an^l'1  <"  I'M',  or  !•'..  \\ill  =  the 
tVoM-  aii^-lo.  Thon.  to  as.vrtain  tho  chord  S  !•',  wo  havo  in  tho  trianii'le 
C  |.~  s=N...  «;.(•,—  C*  =  C,  :  an.l.i(lS()  —  C'e  )  =  So=  F..  ,  and 

sin.  8    •  *-  >i".  <".  :«A«- 


_ 

•in.  Be 

which    ivpiv.^.-iit>   tho  distaiiro  (Voiii  tho  mouth  of  tho  s\\it<-h  of  tlio 

outside  rail  nf  tho  turnout  to  tho  tVo-  ;inn-lo. 
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EXAMPLE     OF     CALCULATION. 

i:  /•'  l!i!i-7L':,  tort;  A  =  4-7  feet;  d 
:  o  =  1 1  tret ;  Si ,  or  switch  angle,  =  1°  08'  12". 


0-41G 


r>  —  d              =  5729-181 

i8oo  o<y  oo" 

8X  =             10  08"   12" 

2)l780  51'  48" 

r*                        =     499-725               J  (180°—  Si)=  89°  25'  54" 
(r  _  d)  +  r1  =     6228-906        co.  ar.    log.  =  6-2055882 
(r  —  d)  oo   1^=     5229-456                       log.  =  3-7184566 
i  (180°  —  8i)=   89^  2S7  54"                 tan.  =  2-0035053 

\                      =    89°  iy  23" 

tan.  =  1-9275501 

C,  =  00  06'  31"    co.  ar.    sin.  =  2-  : 
r*     =  499-725  feet               log.  =  2-6987311 

sin.  =  8  •  . 

C',                     =   i; 
C,                       =       QO  06'  31" 
S»                       =       10  OS'  12" 

180°  00*  00" 

C,         =178^  45'  17"    Co.  ar.   sin.  =  1-6628906 
r  —  d  =  -.:.".<•  1-1  feet                 log.  =  3-7580926 
BL         =      10  08'  12"                  sin.  =  8-2974820 

-      j.*>-532                        log.  =  3-7184617                                                       log.  =  3-7184617 

To  tiinl   the  elriin-nts  of   triilllLl'lr   No.   '2.  we  llJlVe 

a  =  r  —  &  +  T1  =  6218 
b  =  *,                      =  5229-532 
e   =  2r>                    =     999-450 

.)].-I»7-:;o» 

p                                     ,,-vr.:,j 
p  —  a                       =        5-330 
f  -  »                       =     994-120 
p  —  c                       =  5224-202 

P             co.  ar.      log.  =    6-9099547 
j  -  «  co.  ar.       log.   B     9-2732728 
P  -   fc                   log  .  =    2-9974388 
log.  a    3-718HM 

log.  =  3-7940453 
log.  =  0-7267272 
log.   =  2-9974388 
log.  =  3-7180200 

p                    u.       log.  =  6-2059547 
f  —  b  co.  «r.      log.  =  7-0025612 
f  -  c                     log.   =  3-7180200 
p  —  a                    log.  =  0-7267272 

•)•'    |-.|,..,  i 

-)i;-l,,vj,,n 

860  *  SV-S*    Ua.  =   11-0973431 
I 


C',  =   1790  fti'  40" - 


30 


70 
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P  to.  ar.       log.  =  6-2059547 

P  —  e  co.  ar.      log.  =  6*8819800 
p  —  a  log.  =  0-7267272 

p  —  ft  log.  =  2-9974388 


2 j 16 -2 12 1007 
43'  53"       tan.  = 
I 


C,       =  10  27'  46* 

C'a  =  1700  si'  40". 45 

C",  =      70  40*  33"-58 

C,  =      10  27'  46"-00 

Proof  1800  oo'  00"-00 

In  triangle  No.  .'!,  we  have 

C'i  =   1780  45/   17" 

C'a  =   1700  5i/  40" -44 


C',  =       70 


•2 


i  (180  —  C',)  =  M,  =     860  03*   11"«72  co.  ar.    sin.  =  0-0010312 

i'  =  499-725  feet  log.  =  2-< 

C',  =      7°  53*  36"-56  »in.  =  9-1377717 


cA,  =    68-791  feet  log.  =  1-8375340 

In  triangle  No.  4,  we  lum- 


C"3   =  C"4  =    ~J  407  33"-58 


2)1720   ig/  26"- 42 


i  (1800—  C"4)  =  M4  =  860  oy  43". 21  co.  ar.    sin.  =  0-0009751 

r1  =  499  •  725  feet  log.  =  2  •  698731 1 

C4  =    70  40*  33"-58  sin.  =  9-1 


ck4  =    66-899  feet  log.  =  1-8254183 

Iii   trian^l<-   No.   .*>,  \\e   luivf  C   F  =  r —  J  h;  C  C' = 
'   =  r'  +  J  7t,  to  find  tli«>  aiiii'lcs.      Let 

a  =  r  —  i  A  =  57^ 

ft  =  r*  -H  i  A  =  502-075 

r  =  «,  =  5229-565 

j )  1 1  l 

^  :,;.-.  -ll-i  log.  =  3-7.r,HM2.T 

^-«      =2-1%  log.  =  o-an 

p  — fr  =52.:.  log.  =  3-'\ 

p  —  c        =  499-87H  log.  =  2-6988641 
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p  co.  ar.    log.  =  6-2418877 

p  —  a  co.  ar.    log.  =  9-6583677 

p  —  b  log.  =  3-7182831 

p  —  c  log.  =2-6988641 


•3174024 


860  01'  50" -13       tan.  =  11-1587013 
I 


IT.'-  id    4(<   - 


p  co.  ar.    log.  =  6-2418877 

p  —  b  co.  ar.    log.  =  6-2817169 

p  —  c  log.  =  2-6988641 

p  —  a  log.  =  0-3416323 


l)i:»   ".641010 


2(X  48"-73        tan.  =  7.7820505 


C§    =  QO  41'  37"-46 

C,      1720  037  40" -26 

Ft        70  14'  42" -27 

180°  00'  00" -00 


p  co.  ar.    log.  =  6-2418877 

p  —  c  co.  ar.    log.  =  7-3011359 

p  _  a  log.  =  0-3416323 

p  —  b  log.  =  3-7: 


30  87'  21"  -13 
2 


tan.  =  8-8014695 


F,      =  70  14"  42" -26    Frog  angle. 


In  triangle  No.  6,  uv  have 


1780  45/  17" 
1720  op  84*. 


-.,      lo    (i.'i   ••' 


=  502-075  feet 


ro.  ar.  tin.  =  0-0007349 
log.  =  8-700768$ 
•in.  =  9  •  064««7» 
lof.  a'' 


stance  from   tin-  mouth  of  tin-  swii«-li  on   tin-  «>ut>i«lo 
ut  to  the  frog  anpl'-  in  tli.-  main  track. 


tin1 


,.     17.] 
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(45)   Having  thus  completed  our  investigation  of  the  problem 
direct.  \\v  will  now  examine  it  reversed,  by  supposing  the  radius  of 

main  track  u-iven,  as  before,  viz.,  r  =  5729  '597;  h  =  47  i\ 
d=*0'±\(>  feet:  and  the  frog  angle  Fr  =7°  14'  42".  27;  the  switch 
angle,  Sw  =  1°  08'  12";  to  find  the  radius  of  the  turnout  =  r,  and 
the  position  of  the  frog. 

Draw  the  lines  ee,  cc  representing  the  outer  and  inner  rail  of  the 
main  track,  and  the  dotted  line  //,  corresponding  to  the  switching 
of  the  «>nter  rail  :  then,  draw  the  radius  F  C  ;  then,  from  F  draw  the 
line  F  C'  indefinitely,  making  an  angle  with  V  C  =  the  frog  angle; 
then,  from  F  draw  the  line  F  C",  making  an  angle  with  F  C  =  the 
switch  angle  +  the  frog  angle,  and  equal  in  length  to  the  radius 
of  the  dotted  line  =  C  G;  then,  with  a  radius  =  C  F  and  with  C" 
as  a  centre,  draw  the  angular  dotted  line  at  S,  and  this  dotted  lino 
will  intersect  //at  the  mouth  of  the  switch.  From  this  intersection 
draw  the  radius  S  C  ;  then,  draw  the  line  S  C',  making  an  angle  with 
S  C  =  the  switch  anirle,  and  the  lines  S  C  and  F  C'  will  inter 
each  other  at  the  centre  of  the  curve  of  the  turnout,  viz.,  at  C'; 
..  with  a  dnited  line,  join  S  ('"  and  C"  C,  which  will  complete  our 
diagram. 


If  we  mam  examine  our  din-nun,  we  shall  find  it  to  contain 
equal  and  .-imilar  triangle-*,  \i/.,  F  C  C"  and  S  C"  C  with  the 
angles  FC"C  =  SCC";  then  it  will  he  apparent  that  the  anglo 
S  C  F  will  be  equal  to  the  difference  ln-t  ween  the  angles  F  C  C"  and 

F  C'  C.      II.  i\  ing  thus  shown  th.  magnitude  of  the  at 

last  nai  tO  find    the  aii.nle    S   C    !•'.       In  the 

I     C  C"  We  !    =  the  froM    aii-h'    ;     lh«- 

;  the  udfl  I   C  =  r  —  i  //  ;   the  tide  I  <     =  r  +  (i  h 
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—  ,/;)  then,  (r  +  J  7*  —  d)  +  (r  —  \  /,)  :  (r    '•    \h  —  J)  ^  (r  — 
J  A)  :  :  tan.  i  [180  —  (Fr  +  Sic)']  :  tan.  X  :   that 


T-in     \    -    -    (r  +  **-«0~  »«OL  /-i 

l.in.  .V-  (.)! 

L2Xaa  F  ('  S.  (51,)  which  we  .shall  hereafter  represent  by  < 


In  tin-  above  notation.  \\v  have  represented  the  t'roo-  an^le   l»y   /•'/, 
and  tlu»  switrli  an^U1  l»y  6 


now  liavc  tin*  triangle  F  C  S,  which  we  shall  hereafter 
denominate  Xo.  i'  :  the  angle  C  =  Cs  ,  aa  found  above  ;  tliclinc(  !•' 
=  r  —II:  the  line  C  S  =  r  +  J  li  —  d,  to  find  the  an-les  at  F 
and  S.  which  we  shall  denote  thiis,  by  Fs  and  Sa  ;  then,  (r  -f-  \  It 
—  '0  +  (r  —  i  A)  :  (r  +  J  7*  —  d)  ~  (r  —  i  7*)  :  :  tan.  .1  (  iso 
-Ca)  :  tan.  X,  and  J  (isi)  —  C.)  +  X  =  =  F,-,  and  \  (It 

-X:-  (:>-) 

Then.   sin.    F=   :    r  +    i    7/   —  ./    ::    sin.    C      :8    I  '.   which   we  shall 
denote  by  i-Ji.  or  sin.  SL-   I  r  —  \  h  ::  sin.  ('•;   :  r/i.  (.'»:}) 

\Ve  then  have  in  the  triangle  S  1;  (",  (which  wedeiiomii! 

and  mark  the  letters  denoting  the  angles  accordingly.)  the  line  s  I' 

=  <-Ji,  found   aliove;    the    an^le    S..  =  (S—)-    /SW1;)  the   an^le    F3  = 

*(8t+    ,S>.)  and  theaii-leC',—  ISO—  |(F,  —  /'/•) 

+  (S=+  ^;)1  and  C'.  :  ,>1,  :  +  A  7t  (64) 

Then,    b\     Mlblr;|rtill^    .1    //,    We   ]|;iVC   /•'  . 


ing   thus   obtained  our   formula.  \\e    n..\v    give  an   e\ani]»l«'  ••!' 

calculation. 
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To  find  r  from  the  frog  angle, 


Fr 
Sw 

Fr  +  Sw 


-         70  H/  42" -27 
=         10  Off  12"- 
=        8°  22*  54"' 27 
*}m°  37'  05"- 73 


r-JA 

8am 
Difference 


[1800  —  (Fr  +  Sic)]          =       850  4ff  32"-86 

d  =    5731-531 

=    5727-: 


=  11458-778 
=         4-284 
[18QO—  (Fr  +  Sic)]    =  850  4ff  30"- 46 
=00  17'  32"- 38 
2 


c, 


J(1800_Ca) 


=    00  35'  04"-76 


.')  17'.' 


24'  55"- 24 


J7"-62 


(1800  _CS) 


x, 

F, 


930  5ff  54"- 76 
850  3i/  oo"-48 
000  3V  04"- 76 

i- ,    M   N  •<"> 


log.  =  5-9408619 
log.  =  0-6318495 
tan.  =  1  •  1350427 


tan.  =  7-7077541 


log.  =  5-9408619 
log.  =  0-6318495 
tan.  =  2-2922459 


tan.  =  8--> 


F, 


c, 

c*. 


E  930  53*  54"-76  co.  ar.  sin.  =  0-0010063       8, 

:  5731-531  fort  lof.  as  3-7583707        r-JA 

I  N  Bin.  =  8-0087699 

i     5W20  feet  lof .  a  1-7680468 


850  si/  oo".48  co.  ar.  sin.  =  0-0013309 
5727-347  feet  log.  =  3-7579458 


In  tri 

F,  *  *=    93°  59  54"-76 

m     ?o  14*  4T'fl7 


m    060  3T  IT-49 


8,      =s    850  31'  oO"-48 
Sw    =      10  Off  13* 


I7»o 


1890  _  (F,  +  »,)    = 


a»"'M 


[FlQ.      18.] 
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By  the  problem,  Fa  and  S    should  be  equal.     Then, 

180^—  (F,  +  S»)    =       6°  41'  35"-03     co.  ar.      sin.  =  0-9334859 
cA,  log.  =  1-7680467 

F,  =    860  sy  i2"-48  sin.  =  9-9992587 


?  +  ±k  =    502-101  log.  =  2-7007913 

*A  =       2-350 

i*  =    499-751 

It  was  expected  the  radius  would  be  found  to  be  499-725.  The 
error  only  amounted  to  '026  feet,  or  a  little  more  than  one  fourth 
of  an  inch. 

(46)  The  following  problem  has  frequently  presented  itself  in 
the  prartio-  of  the  writer,  viz.,  the  situation  of  a  turning  table 
with  respect  to  the  main  track,  (the  radius  of  the  turnout  curve 
lieiiiLC  ^ivcn  to  find  the  relative  situation  of  the  switch,)  and  such 
additional  elements  as  will  be  required  to  locate  the  turnout. 

To  explain :  we  have  in  several  instances  found  it  necessary  so  to 
place  a  turntable  by  the  side  of  the  railroad  track,  that  a  building 
ted  over  it  might  answer  the  purpose  of  shiclduiLi  tin-  table 
from  th««  \\ Bather,  and  the  engine  during  the  ni^ht,  occasionally,  if 
not  constantly  ;  and  also,  to  afford  a  con vmi.  in  situation  lorn  water 
tank  to  distribute  water  to  the  engines  when  upon  the  main  traek. 
and  when  sheltered  upon  the  turntable. 

The  ruling  principles  which  govern  in  this  matter  may  be  stated 
thus: 

•,  The  proper  distance  between  the  centre  of  the  table  and  the 
main  track. 
Second,  A  suitable  amount  of  straight  tra.-k   to  ^uide  tli 
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lily  upon  the  table.    (A  turning  table  >h<>nld  ne\  er  be  directly 
•d  with  a  curve,  as  tin-  engine  \\  ill  have  a  tenden 

it  of   pi;: 

Third,   Tin-    remainder  of  tin-  track  to  In-  united  to  a  curve  of  fixed 
hich   shall  just   connect  tin-  straight  track  adjoining  the 
table  with  the  main  track. 

INV;  \.    l!.-pivseiitiii»;  the  mouth  of  the  switch  by  S:   the 

.:th  of  the  switch  by  x,  and   the  switch  an^le  by  Stc :    the  centre 

i hie  by  O  ;    the  point  where  the  curve  unites  with  the  straight 

line  adjoining    the    table    by    T:    the  centre  of  the   curve  by  I1:    the 

radius  by  /•'  ;    the  point  on  the  main  track  where,  a  line  beinu;  drawn 

therefrom  to  the  centre  of  the  table  shall  form  a  riirht  au^le  with  the 

re  line  of  said  track,  by  (>  :   we  shall  then  have  in  the  triangle, 

or  limliiiu;  the  line  ,V/r  C,  which  line  we  represent  by  ,j. 

II  :  /•'    (-  '/  : :  GOB.  >S>  :  (j  =  (/  +  «/)  .  000,  (-*>.">) 

And  in  the  triangle  ('  G  T,  (by  assuming  ('  O  as  radius.)  we  have 
this  anal- 

:  F  G  ::  «'  G  =  radius,)  :  tan.Ci=  (:.«;) 

And  therefore,  cos.  (',    :  r   ::   R:C0  =  -  (:>7) 

Representing   the  distance   of    the   centre   of    the    turning   table 
i    the   main    track  (vi/.,  ()  G)  by  /?.  and  the  line  ('    G  by  />.  we 
then  draw  the  line  G   A.  parallel  with  the  centre  line  of  main  track, 
and  in  the  triangle  A  G  ('  we  have 

//  :  II  ::  7  —  /*  :  cos.  c  =  q  ~  n  (:,s) 

<u    drducl    IVoiu    the   aiiu'le   ( '.  the   aii^h's  >s'"'  and  < 
.-ball    h;;  ('of  the   triangle   S(-T,  which  we   re|»re- 

ben  will  .1  (180  — Ca)»  S  =  T;  and 

si,,.  T  :  ,-    ::  ,in.  Ca  I  8  T  .Vi 
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To  give  an  oxumplo  of  calculation,  wo  will  assume  n  =  »')G'4 
feet;  r  =  H"   7_' >  feet;««  '21  foot ;  T  O  =  GO  fivt ;  d  = 
^=1°08'  llT.     Then, 


^  +  d 
Sw 

9 

=  500;  HI 
=  10  08'   12* 
=  500-043 

log.  =  2-6990925 
cos.  =  9-9999H5 

log.  =  2-6990070 

T  0  =60  feet  log.  =  1-7781513 

r'  =499-725  co.  ar.    log.  =  7-3012689 


C,  =     60  50*  4?" -41  tan.  =  9-0794202 


co.  ar.  cos.  =  0-0031080 
log.  =  2-6987311 
log.  =  2-7018391 
log.  =  2-6661837 
cos.  =  9-9643446 


c, 

=     60  50*  47"-41 

' 

=    499-725 

p 

=     503-314 

Sw  =   10  08*   12"          q  —  n 

=     463-643 

C,  =  60  5V  47"-41    C 

=  220  54'  02"-78 

W  59"  -41    (Sw  -f  Ct) 

=    70  58*  59"-41 

c. 

=   HO  55/  03".  37 

2^1650  04'  56"  -63 

T  =  1(1800-0, 

,)  =  8*0  Saf  28"-31 

* 

=  499-725 

c. 

=   H=>  55*  03"-37 

8  T 

=   129-742  feet 

CO.  ar.    sin.  =  0- 
lop.  =  2 
rfn.  =  9.4106588 


log.  =  2-1130601 

Havinir  thus  :i>«vrtainnl  -in.',!  mvcssnrv.  1- 

WO  comiD'-nr--    t!  .ess  of   l«x-;iti.in.   \\«-   will    now   pnn-rr.l    i,. 

dew-j  -IA  necessary  to  cxrcut<>  the  \\m-k. 

(47)    A  -IV  will   JVIKI.T  it   ;i]»]t;nvnt    thnt 

«-<uii]>lcnicnt  nl'  C  u  ill    I 
th<«   nnirl.-    A  O  T.      :  .1    A    O  T.  «re   i'l:i«-«'   «'iir 

vat  tin- 


IIH; 


T  :   th.  •!..  tlu-   instrument    to  T.  and   point- 

•  O,  we  1  0  T  S  =  (!M)°-j                   0°+  T) 

and  he  place  of  tin-  inoiitli  of  the 

ly  prepared.  \\  e  rdiall   he 

Vom    the  the    main   track,  upon  the 

-    tin-    tumor,  The   riirvc-   may  now  ho  further 

marked  hy  defection  .  >iy  to  dir                _;\eii  in  the  forego  in  ^ 

(48)    Having   tlius   olitaiiH>d   tlie    formula    tor   computing    the 
elements   of    a    turnout    to  a   turntable,   with    a   uiven    annum! 

line   lo   Li'iiide   the  i-ii^ini-,  it  \\ill    I'retjuently  he  found  con- 

vnieiit  to  have  a  formula  to  lay  out  a  track  to  a  turntahle  from  an 

.t    iu   the  rails  of  the  main   track,  with  a  I'xed   radius, 

:on  for  the  tahle.      This  method  of  proceeding  will 

.    ;  -ails,  and   making  uin:<  joints  in 

i  track:   and  another  Consideration  \\\\\  he  that  of  ali'ordini;- 

;;i  lor  ea  :d 


In  the  follov,  lion    we   shall    pn  !u-  notat  ion  of 

tfl  a])plicalde. 

and  a  =  S  O,  we 

•adius;  the  follo\\  \\\^  anal- 

:  :     rad.)    :    tan.  S  ^  (,;o) 

:;1  he  (Mjual    to    the   a;:  3  in    the    tria;  -  Q  J 

::    i:   :  «  =    _  (<;i) 

i.-  c  s  o  ]• 
id 
r  +a:r  ~  I  tan.  X=  "'  ~  " 
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and  X  +  i  (180°—  S*)  =  the  angle  0  :  and  X  —  A  (180°—  S») 
=  the  angle  C  (r>i») 

;lu'n  have  sin.  0  :  r'  i:  sin.  Sa  I  C  ©  ;  or,  sin.  C  :  a  '.'.  sin. 
S«  :  C  0  :  then,  putting  j?  =  C  0,  we  have 

pi  R  ::  r  :  cos.  C*  =  -£-  (63) 

And  cos.  C*  :  r'  : :  sin.  C2  :  T  0  =  tan.  (  (r.  I ) 

Then,  deducting  Ca  from  C  leaves  Ca  =  the  angle  C  in  the  triangle 
S  C  T ;  and  i  (180°  —  Ca)  =  the  angle  S  =  the  angle  T  ;  and 

T  :  r  : :  sin.  Ca :  S  T  =    di^r/  («;:>) 

To  i:  -x ample  of  calculation,  we  assume  n  =  30*4  ;  r  = 

'/  =  0-41G  ;  8w  =±  1°  08'  12"  ;  5  =  200  feet. 


a 

=  200  feet 

co.  ar.    log. 

=  7 

•6969700 

900 

Nf 

00"' 

00 

n  —  d 

=     35-984 

log. 

=  1 

•5561094 

10 

99 

12" 

1 

=    103  n'  58"-32 

tan. 

=  9 

•2550794 

900  -f  su>  = 

910 

ii- 

18* 

8                 = 

100 

ir 

58"- 

32 

* 

= 

co.  ar.    cot. 

=  0 

•0069179 

>.                = 

800 

M 

I'.   • 

68 

c 

=  200  fret 

h* 

=  2 

•mm  ,. 

i( 

WO 

99 

i.,   • 

88 

n 

=  203-211  feet 

log. 

=  2 

•tTMTI 

J  (1800-  8,)  = 

1'' 

M 

M 

(60) 

r*  =  499-725  feet 

a  =  808-211 

-     .                 at  7M-9M  co.  ar.    lof.  =  7- 1580848 

Dttftme*       «  296-514  log.  =  2-4720458 

1(1800  — 8.)  =  4fO  sr  59".  1«  uui.   =  0-0689886 

X                     m  MO  19  34"-57  Un.   =  •»••• 


0  :  ,       '..-     :.       .  : 

m  «80  If  18*. fit 

S,  •      1  .     ..- 


US 


Q        =  75^  50*  27»-73  co.  ar.  irfn.  = 

tag.  - 

8,        =  800  56'  KT-68              sin.  = 

0-0133981       C    =  23^  IS'  18"-59  co.ar.rii 
2-6987311       a    =  •                                     lo| 
9-9*i:                                                                 >-.i 

P          = 

log.  = 

!u: 

r*          = 

klf,     -:-- 

i                          :-50 

CO*.  = 

^3°  iy  18^-59 

C,  = 

I 

tan.  = 

C,  =r 

T*              = 

7342'  08*-91 

T  O    = 

log.  = 

10     i( 

1800_C,)r=   - 

log.  =  - 


(64) 


T 

r1          =  -1  =  2-6987311 

C,        =  12^  17'  51"-09  sin.  =  !»• 


8T      =   K  :  log.  =  2-0295923 


t'nis  nsrcrtaiiK'd  the  dements  of  tlie  turnout,  it    remains 
to  (leseril)e  tlie  method  of  !  <r  niarkini;'  tlie  same  uj)on  the  iield. 

md,  formula   (r,:{,)  C,>  =  i  -nple- 

ment  to  which  —    ,  .     •  .',  =  tli 

rmvla  (r,j.)  O  »  27"-78  —  the  anu-le  C  O  S. 

:•  instrument  at  O,  and   1  mi    S   tlie  dii- 

5  and  7-V  :.'>'  -7"-7:!=,:;°  14'  04"  -77, 

and  measure  IV(.m  O  tan    move   tlie   instru- 

..t  to  T,  and   lay  <.ii'  tlie   B  T  O  =  J  (1SJ)°—  C»)  + 

=  f)0°  +  T,  as  inund  above  (r,:,)  =  no0-: 
«=  178°  51'  04"-46,  and  meaaure   KJ7-051   r  ;   .-md  if  die 

'•'•nijuitji1  currectly    perlonned.   tin- 

A  ill    IM-   fuund   «lii-.  Q  ih,'  joints  in  the  mils  in  the 

m;i  •  re   line  mi  tl                     the 

turnout.      The  curve  HIM.  1'nrllnT  marki-d  l»\  di-il 

-  explained. 
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(49)  It  is  not  an  unfrequent  occurrence  for  an  engineer  to  be 

required  to  locate  railroad  and  other  curves  in  situations  inaccessible 

he  making  of  measurements  in  the  common  or  ordinary  methods. 

se  cases   occur  where    railroads  are    located    across   bays    and 

inlets  of  tin*  ocean  or  lakes,  and  across  rivers  or  estuaries,  etc.,  etc. 

know  of  no  better  method  of  managing  this  matter  than  by 

projecting  a  system  of  triangles  from  a  well-selected  base  to  points 

mark  or  permanently  fix.0    The  calculations  necessary 

for  the  arrangement  of  such  a  series  of  triangles,  when  connected 

with  tin-  choice  of  the  location  of  the  curve,  and  the  determination 

-ary   dements   to  carry  forward   the   whole   work  with 

accuracy  and  convenience,  may,  in  some  instances,  be  too  compli- 

cated for  the  invention  of  the  young  and  inexperienced  engineer. 

To  aid   sneli    in    the  performance'  of  their  task  is  the  object  of  the 

article, 


We  have  chosen  as  an  example,  an   imaginary  river  of  some  "2 

\\ide;  but.  before  we  proceed  with  the  investigations,  let  US 
suppose  the  straight  or  tangent  lines  upon  both  sides  of  the  river  to 
have  IKVII  located,  and  sufficiently  marked  to  show  their  reh; 

rings.  Our  first  operation,  then,  is  to  select  such  a  >it  nation  as 
may  be  thought,  upon  a  thorough  examination  of  the  whole  Mibject, 
the  ni"  •  ,!,!,.  for  the  location  of  the  curve.  The  point  \\e 

•1  will  be  seen   in  i    1  ;  and   in    ! 

kcd  as  station   10  of  the  railroad  location. 


miii'-d    '  commence   the   survey    by 

riiniii;  to  a  jH.iut  in  ihe  line  u|x.n  tlx 

ah<mU  be  Ukm  to  ao  nit*  the  trr  i,nM>,  that  the  linen  projected  therefrom 


•I  Ike  p<Hnt»  to  be  I oca ltd  H  near  ai  right  angle*  ••  n- 
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of  the  river,  marked  0  on  the  diagram.     Then,  by  considering 

the  tangent  line  from  0  to  A  to  bear  due  east,  (whatever  may  be  its 

e  measure  the  angle  A  0  1,  by  which  we  determine  the 

line  from  0  to  1  to  bear  S.E.  75°  08'  35"'37,  and  by  measurement 

we  find  the  distance  I.")!'-.")  feet.      We  then  place  a  signal  at  station 

rriangtilatiou   wo  ascertain  the  hearing  from  station  1 

to  be  S.E.  85°  0^  37",  and  distance  =  350  feet;  then,  crossing 

the   rivt  .lion   -.  we  run    and  measure  a  line   therefrom  to 

ion  3,  situated   in   the  other  tangent   line;  the  bearing  of  this 

line  we  determined  to  be  S.  7'2°  5!)'  3G"-41  E.,  and  its  length  = 

1G04'1>G4  feet;  then,  removing  to  station  3,  we  ascertain  the  bear- 

of  the  tangent   line  to  be  S.  60a  E.,  or  (which  is  the  same,) 

N.  GO0  W. 

Having  thus  connected  the4  straight  or  tangent  lines,  hy  a  traverse 
run  n  ing  through  the  point  selected  as  the  most  suitable  for  the 
location  of  the  curve,  our  next  step  will  be  to  prepare  our  data  to 
ascertain  its  radius. 

.imination  of  the  :ul   the  courses  ami  dis- 

ked in  the  following  table,  vix., 


O         I 

Station  0  to  Station  1  =  S.  75  08  35-37  E.  =    152-5 

1  u         2  =  S.  85  02  37-00  E.  =    350-0        " 

"2  "         3  =  S.  72  59  36-41  E.  =  1604-2» 

and  the  bearing  of  the  tangent  linen  from  0  to  A  duo  East,  and  from  A  to  3  S.  60°  E. 


our  courts  and 

•rthiiiLTs  and   southings.  <-a.tiii-s  and  W( 
ings,  according  to  tin  ihe(;i.. 
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ill  in  ^   1)'. 
and  v, 

in  our  I'n-iuul;  tin-   lati 

which  L  :  and  the  <  ;he  depar- 

uhich  v.  \    I).      Then,  putting    K  tor  the  radius 

ue  have 

i;  :       .         !;:!)  =  sin.  |;  . 
and   K  ,B:I  =  <*.<m  I'.  (M) 

1.  \TITl   DBS     AND      l)i;i'.\KTl   It  i 

No.  1.     H  =  S  753  OK  a  9-4089262 

d  =  log.  ^ 


D=       li:  log.  =  2-1W50W        L=     39-1017    log.  =  1' 

.     H  =  8  85°  02*  37'/  E  sin.  =  9-9983730  cof.  =  8-9365008 

d  =       35-  log.  :  log.  =  2-  , 


D=       348-691  log.  =  2-.VU  11M        I.  =     30-239      log.  =  1-4805688 

I    sin.  =  9-9805811 
</  =        1  log.  =  3-20',.  log.  =3-^ 


D  =        l.VJJ-ll!»   feet  log.  =  3-1858590        L  =  469-219      log.  =  2-t,; 

.puled    tin-    latitudes    and    departuivs,   or,    in    other 
dirated  liy  the  tallies  of  eoiir.-rs 

and  di  then,  to   render  tli'-se  «.jK'rati«)iis  as  perspicuous 

\\ell  «•;:  •  in  a  tabular  form,  our  oouraea  and  dis- 

,  \\\\\\    tin-   southings   an.:  to   each  ;    and 

'i  them  up.  we   pr  .   compute   the   hearing  and 

:.      Thus,  hy  making  use  of  the  symbols 

la.  M  itli  the  addi.  hy  \\hich  \ve  repi'e- 

!;:!)::  II  :  •',  =    J' {,   : 
. 
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BEABIXGS. 

DISTANCES. 

SOUTHINGS. 

EASTINGS. 

Station  0  to  1 

S  75°  08/35"-  07  E 

152-5     feet 

39-102 

147-401 

"       1  to  2 

S  85°  02'  37"-  00  E 

350-0       " 

30-239 

348-691 

u       2U)3 

S  72<>  59/36".  41  E 

1604-264    " 

469-219 

1534-119 

L  =  538-  560 

D  =  2030-  211 

D    =  tarn  of  eastings  =  2030-211  log.  =  3-3075411 

L     =  sum  of  southings        =     538-560  log.  =  2-7312341 

Bearing  from  station  0  to  3  =  B  =  8  75°  Off  35"-37  E          Un.  =  0-5763070 


B    =  75^  08'  35"-37    sin.   =  9-9852331  cos.  =  9-4089261 

D    =  2030-211  log.  =  3-3075411        L  =  538-560        log.  =  2-7312341 

6     =  2100-429  feet        log.  =  3-3223060        Proof  log.  =  3-3283080 

Having  thus  obtained  the  bearing  from  station  0  to  3,  viz., 
Off  35"-37  E,  and  distance  =  2100-429  feet,  our  next  step 
will  be  to  ascertain  the  distances  0  A  and  A  3.     In  the  triangle 
A  3  0,  we  have  to  find  the  several  angles.     The  bearing  from 


oto  A 

Oto3 

A  too 

Ato3 

3toA 

n  to  o 


=    due  East  ) 

>  which  gives  angle  at  0 
=     8  75°  08/35"- 37  E  ) 


14°  51 '24"- 63 


=»    due  West 
—    8  60°  (XX  00" 


•00  E  ) 


=    N  60°  OCX  00". 00  W) 

• 
«=    N  75°  (W  35". 37  W) 


A  =150°  (WO  "-00 


15°  08' 35". 37 


Having  found  the  angles,  we  have 

Sin.  A  :  6  : :  sin.  0  :   \ 
and  Sin.  A  :  <J  : :  ain.  3  :  0  A 


i.  sin.  0 


Thus 
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A=  150°  Off  00"' 00  co.  ar.  Bin.  =  0-3010300  II    A      =  ro.  ar.     sin.  =  0-3010300 

0  =  H-  51'  84* -63                iin.  =  9-4089861         6      =  log.  =  3; 3333080 

1  =                                            log.  =  3-3223080         8      =r  15°  08*  35" •  37  iin.  =  9- ! 


A  3  =  1077-12  feet  log.  =  3-0398641    ||    A  0  =  1097-4  feet  log.  =  3-0403639 

the   purpose   of   ascertaining    the    an^le   (•    in    the    triangle 

A  G  0,   we  assume  a  radius  =  unity,  which  we   represent   in  our 

formula   hv   1 .  retainin.  in-   radius    in    the   unit   of   nu-jisuiv. 

Then,  putting  A  for  the  an^le  at    apex  :   T  and   T  for  the  tan»vnt 

:   ('  for  the  an^le  at  the  centre  of  the  curve;   (i  tortile  aii^le 

.tion    1    in   the   traverse:    A    for  the  angle  T' A  G ;  C'  for  the 

anii'le  A  (    (i  :    we   have   in    the  triangle  A  <»  (i.  tlie  an^le  ()  and  the 

0  A  and  ()  1,  to   find   the  side  A  1  =  A  (i,  and   the  an-l'-  A 

and  (i.      Putting  a   for  the  side  O  A.  and  I  for  tlie  side  O  1  =  (>  (J, 

we  have 

a  +  b  :  a  ^  b  ::    tan.  }  (180°  —  0)  :  tan.  J  (A'  <~  G)  = 

(a  *>  b)  .  Un.  i  (18QQ  — 0)     . 

a  +  b 

and   J  (1S()°— Q)  +  i  (A'  ~G)  =  <;  : 
an.l    i  (ISO8— 0)—  i  (A'c^(i)=    \ 

Ilavini;-  found   tlie  angles  A'  and  (i.  we  find    the  side  A  (i,  which 
pre0en1  1»\   ///.  l>v  either  of  the  analogies  following: 

si...  \'  :  />  ::  sin.  o  :  •/,/  =    /(i°- 


a  ::  sin.  0  :  m=  /I^1"'(;"  (I*) 

obtained    ///.   and    putting   (•     for    the    an^le    (.    in    the 
trian-l.-    \  C  G,  W&  have 

Bin.  A  A  :  1  ::  I!  :  A  C  =    BJiA-; 

then.  re|ire^.-ntiii'j-  A  ( '  l.v  //.  we  lia\«- 

1  :  sili.  (\  A  —  A')  : :  n  :  sin.  <i'  =  n  .  sin.  (J  A  —  A')        ((,)) 

And  sin.  (\  A  —  A' +  <i')  :  m  ::  sin.  -  A')  :  r  = 

m .  >tn.  (k  A  /  I , 

•In.  (i  A  —  A' -I- O')  ^     / 
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We  now  introduce    an    example  of  computation   [formulas  (0) 
and  (P.)] 

a  =     1097-4  feet  180°  W  00"-00 

ft  =       152-5    "  0  =    140  5i/  24"- 63 


a  -|-  ft            =  1249-9  co.  ar.  log.  =  6-9031247  2) 1 65 o  OS'  35" -37 

a  «»  ft             =  944-9  log.  =  2-9753858  i  (180°  —  0)  =    82°  34'  17"-68 

$  (1800  _  o)  =  820  JH/  n".68  ton.  =  0-8847831 

1  (A'  co  G)    =  800  1*  52"-64  ton.  =  0-7632936 


=  1620  47   jo". 32  Q    =  162°  47'  10"-32  co.  ar.  sin.  =  0-5287991 

\  =      2°  21'  25"-04  a     =   1097-4  feet  log.  =  3-0403650 

0  =     140  si/  24"-63  0     =    14°  51'  24"-63  sin.  =  9-4089261 


=  180°  00*  00"-00  m    =     950-8  feet  log.  =  2-9780902 

By  formulas  (Q)  and  (R)  we  have 

*  A  =  75°  (MX  00"- 00  co.  ar.  sin.  =  0-0150562  =  n 
I  A  —  A'  =  720  38>  34" -96  sin.   =  9-9797599 
Ambiguous  G'  =  81O  oy  53"-75  *  sin.  =  9-9948161 
True  G'  =  98  o  5(K  06" -25 

*  A  —  A'  =  720  38/  34». % 


A  —  A  +  G'  =  171°  2*  41"-21  co.  ar.  sin.  =  0- 

=  950-8  feet  log.  =  2-9780892 

A  —  A'         =  720  38*  34"-96  sin.  =  9-9797599 


r  =  6134-05  feet  log.  =  3-7870384 

Having  ascertained    the   radius  \vhieh    the  pmhlein    requires,  we 
proceed  to  ascertain  tin-  dethvtion  tor  a  chord  of  :>o  feet. 

By  formula  (:'.)  \\,  have  sin.  D  =  -  *^*    ;  lu-uce 

r          a  I1M-05  feet  co.  ar.  log.  =  6-2129616 

ft  ck    »     <S  log.  =   1-agTMOO 

D          =  00  W  VtT  tin.  =  7-610M14 


•  A*  the  probtaa  mtur  an  tta  tew  raqolrw  G'  to  be  larger  than  a  right  angle,  it  is  erldtot  that 
th«  tm  Of  save  he  th«  M»bMtal  aafi«,  iaamach  at  the  sine  of  an  angle  to  the  aam«  as  the  sine 
of  to 
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ii  thus  fouml  hein»;  an  awkward  .  >nn  to  add  or  sul>- 
tract  in  the  Hold,  we  may  a  —  nine  one  more  convenient  without 
materially  chaiiiiinir  tin-  location  of  the  curve:  we  therefore  assume 
0°  14'  as  tin.-  measure  of  a  deflection;  then,  hy  formula  (/>)  we 

•:•    the   pui'i*)-  rtaininu;    hy   what 

amount  this  change  in  the  length  of  the  radius  \\ill  aliert  the  loca- 
tion of  the  cur\v.  we  \\ill   ni.h-avor  to   timl   the  distann-   IVoin   the 
!•>  tlic  middle  of  the  curve  for  each   radius.      By  formula  (l'») 
we  liave  t  =  tan.  J  C  .  r;  and  hy  (7)  we  ha\c 
b=t.  tan.  J  C  =  tan.  £  C  .  tan.  J  C  .  r  =    tan" *c c ' * ek 


TQK  VALUE  or  *,  COMPUTED  FEOM  THE  BADIUS 

ALREADY    OBTAINED. 

J  C    =  150  OV  00"  tan.  =  9-4280525 

i  C    =    7°  307  00"  tan.  =  9-1194291 

r          =  6124-05  log.  =  3-7870384 


TH>   VALUE  OF    ft,   COMPUTED   TO  OORRES1 
A  BADIVS   BASED   UPON  A  DEFLECTION   OF  0°   14'. 

D       =    0°  14'  00"  co.  ar.  sin.  =  2-.T.iull70 
I  C    =  150  OO7  00"  tan.  =  9-4280525 

i  C    =    70  307  00"  tan.  =  9-1 

i  cA  =     25  feet  log.  =  1-3979400 

ft        =  216-555  feet  log. 

b         = 216-033      " 


216-033  feet  log.  =  2- 3345^00 


0-522      " 

Thus  we  see  that  the  proposed  change  in  the  deflection  will  ailed 
the  location  of  the  curve  only  O.VJ-J   f<vt.  an  amount  in  nio>t 
too  small  to  produce  any  practical  incoiiveni. 

Having  shown   that  whenever  convenience  requires  a  change  of  a 
Ifl    in    the   angle  of  deflection,  the  chanuv    may    lie   made 
without  materially  alfectini;-   the   location  of  the  curve,  we  now  pro- 
ceed to  determine  ;i  radius  which  shall   correspond  with    the  desired 
i.'ii,    viz..    of    n°    1  I',   as    explained    in    the    forepiiu^.       l»y 
formula  (."•)  IfC  have  r  =  Thus, 

D         =  o°  IV  co.  ar.    rin.  =  2-^mi  17u 

i  ck     =      25  feet  log.  • 

r  =  6138-853  fe*t  log.   =  3-7880870 
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To  find  the  position  of  the  tangent  points  at  stations  T  and  T 
•ompute  their  distance  from  apex,  and  compare  them  with  the 
•.-Hires  of  0  and  3,  which  have  been  already  determined.     By 
formula  ((•)  AYC  have  t  =  tan.  J  C  .  r.     Thus, 

r  =  6138-853  feet  log.  =  3-7880870 

*  C      =   150  00'  00"  tan.  =  9-4280525 


t  =1644-90  log.   =  3-2161395 

A  to  3,  heretofore  computed  =  1077-12 
567-78 

We  thus  iiiul  the  point  T  507-78  feet  further  from  A  than  the. 
point  3.  Again, 

t  =1644-90  feet 

A  to  0,  heretofore  computed   =     1097-40    u 
547-50    " 

\\V  thus  lind  the  point  T  547 '50  feet  further  from  A  than  the 
point  0. 

To  find  the  length  of  arc  from  point  T  to  point  G,  corresponding 
to  point  1  in  the  traverse,  wo  have  in  the  triangle  A  C  G,  the  an-le 
at  C  =  180°  —  (the  angle  G'  +  angle  A.)  Tims,  we  find 

A  =(iA  —  AQ=7SO  —  20  21'  25"'04  =  7*<>  3*  W'9t 
Of  =r  980  so*  0«*-25 

C  =  the Mpplemcat  .     =    8°  31'  18"-79 


18QO 


M,  we  have  half  tlie  ,,  utrv  angh-  =  J  C=  15°  OCX  00"  minus 
the  suppleim-ir  C   found    alM.\e  =   the   angle  C  in    the 

(iCT.     Tl, 


I  C  =  150  W 

<•  m    80  31' 


!!•„ .  m  •  M^I  ».    ••  u  •  M 
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Then,  representing  the  angle  C  thus  found  and  reduced  to  seconds 
by  C",  and  the  arc  sought  by  a,  we  have,  by  formula  (8,)  a  =  r'£" 


C«  =  23321-21  log.  =  4-3677511 

r      =  log.  =  3-7880870 

r"    =  co.  ar.    log.  =  4-6855749 


a      =      694-09  feet  log.  =  2-8414130 

If  we  now  consider  T  as  numbered  3 '06,  in  the  stations  of  loca- 
tion, and  the  numbers  in  the  location  to  be  increasing  as  we  enter 
tin-  curve,  we  shall  find  the  point  at  G,  or  rather  near  G,  (as  we 
have  slightly  changed  the  radius,)  to  be  equal  to  3*06  +  6 '94, 
which  in  ;lie  number  of  the  locating  stations  to  10.  For  tin- 

purpose  of  avoiding  fractions,  we  ascertain  the  point  T  by  measure- 
.  t   tVom  u.  and  then  locate  the  curve  to  station  10;  from  this 
]*>int  \ve  ascertain  the  direction  of  the  radius,  and  select  the  point 
A,  which   should  be  so  situated  as  to  command  a  distinct  view  of 
the  locality  where  the  work  is  to  be  laid  out.    We  thru  diM-over  the 
•he  direction   and   length  of  the  line  10  A,  by  ascertaining  the 
angle  which  it   makes  with  the  radius  of  the  curve,  and  nieasurini;- 
•.nice   between   the  termini.      Let    us  now  suppose  the  annle 
to  measure  20°  OCX,  and  the  len-th  of  the  line  to  he  -Jon  feet.     We 
•I   the   river  or  bay.  ami    select    the   point    P..  \\hich   should 
likewise  command  a  distinct  \ie\v  of  the  h-ealitv  \\ln-re  the  \\,.rk  is 
to  be  laid  out  ;   ue  then  measure  the  angles  which  I'orni  the  triangle 
A   P.  1".  and   compute  their  n-latn  \  -\\ .  >ii|.jMi>iiiLi  t  lie 

an-h'.-  at 

As  830  W 

B   «  «§o  ar 

\n      m  (50    Otf 


USEFUL  FORMULAE. 

Tli. 'ii.  putting  o  lor  the  <li~  11  1<>  ,-nd  A.  we  have 

Sin.  15:  5  :;  sill.  10:  A  D:  and  sin.  B:  6  ::  sin.  A.'IOB     (S) 
Tl, 

B       =  820  W  co.  ar.    «in.  =  0-2757903 

t        =  200  feet  log.  =  2-3010300 

10      =  650  ocx  tin.  =  9-<< 

A    I!     =  log.    = 


Sm.   H       =  10g'   =   2'5768203 

=  83°  W  tin.   =  9-9967507 


10  B         =  374-61   feet  log.  =  2-5735710 

(50)     We  have.  In .111  station  10  to  10'50,  a  distance  of  60 
of  an-:   then,  from    1<»-:,0  to  11,  a  like  di>tain-c:  and  so  on,  from 
station  to  station,  to  station  1  :!•."»<).   (Sec  Fi^-.  •_'().)   To  compute  in  the 

lieii  nianntT  tlu>  n-lativc  jx.sition  of  these  several  ]>oints,  or 
rather  the  relative  positions  of  the  points  a  I  c  and  </,  (which  ivpiv- 
>eiit  tlie  mriiers  of  the  piers  situated  about  tliese  stations.)  ire  a-.-unie 
tlie  radius  of  the  curve  fmni  station  10  to  bear  due  south,  an> 

xero  ])oint.  Then,  1>\  ascertaining  the  distances  and  relali\c 
bearings  to  each  of  the  j»oints,  we  compute  wliat  ff.e  shall  (for  tlie 
want  of  nmiv  ajipi-opriate  terms)  call  their  northings  or  sontliii 

without  consideration  of  their  astronomical  or 
ietical  hearings.     To  ascertain  the  angles  of  the  radii  from  C  to 
nrera]  ])oints.  we  put  a  for  the  an-  connect  inu;  them,  /•  for  the 
radius  in  the  unit  of  measure,  and  /•"  for  an  arc  in  seconds  equal  in 
h'li-th    to    radius.       We    then    have,    bv    formula    (!».)   C":=-^- 
Thus  the  aii-1.-  at  C,  between   BtatioiU    K»  and  1()-r»n.  n-ivcs  (i  B 
T1..-H, 

a  =  50                                   log.  =  1-6989700 

r"  =  log.  =  5-3MU.M 

r  =  co.  ar.    log.  =  f,  _'l!" 

<  =  1680"           =  nearly  log.  =  3-22 
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and  108(7',  reduced  to  degrees  and  minutes,  will  givc  =  0°  28"  00". 
We  liave  ejven  this  computation  tor  the  purpose  of  explaining  a 
general  rule  which  will  apply  in  all  cases. 

In    tli»»    pre-eiit    ease,  the    are   a  =  the   chord   of  one   of  our 
del:  and,  as  the  difference  between   the  chord  of  fifty  feet 

in  length  and  the  arc  it  spans  (based  upon  a  radius  of  6138 '853 
feet)  is  so  small  that  the  one  may  be  taken  for  the  other,  in  the 
practical  operations  of  locating  a  railroad,  we  therefore  may,  without 
sensible  error,  take  the  an»-le  at  C  for  ;.u  feet  of  arc  =  two 
ions  =  iS',  or  the  same  as  above. 

But  wo  shall,  notwithstanding,  when  we  come  to  consider  the 

dimensions  of  the  piers,  tind  a  necessity  for  the  formulae.  Let  us 
assume  the  foundations  of  the  piers  to  be  8  feet  broad  and  18  feet 
in  length.  Now,  as  the  stations  named  above  correspond  to  the 
rent  re  nf  th«->»'  piers,  we  find  it  necessary  to  determine  half  tlie 
'ar  width  of  them  from  C.  Thus, 


4  feet 


r 
C" 


N-ing  C'   to  degrees  and   minutes,  «rjVes  us   tlie  angle  = 

L4"'4j    bat,  for  '!"•  purjMi>»-  «.f  axoidin^nn  the  computations) 

•us  of  a  second.  \\<    mav.  \\  ith,.nt  \;ii-\in--  the  dim. •!!->!,, us 

of  tli.-  pi^rs  perceptibly,  a-sMii in-  the  an-ular  \\idih  of  the  half  pier 

to  be  <V'  **   ].',          \        ,ike  rea^.n-,  with    a    radius  of  the   Im-ili  u,. 

have  adopt e.l,  \\e  assume  both  the  pier  to  be  of  the  same 

angular  width. 

R 


USEFUL      FOR  M  I  L  J3. 

:nadr  thr>r  rxplanat  ions.  \\  r   proo-rd  toronstrurt  a  tahlr 
of  tin-  angular  ]H»itioii>  of  tin-  roriirr>   «>f  thr   pirrs  ivpiv>mtrd  l.y 

abcd.     \\V  that  the  centres  of  the  piers  are  two 

.   apart    from   ('.      Thru,   taking  station    in   for  a 

starting  point,  and   thr   nulius   tVoin   point  C1  through  this  point,  as 

lu-arinu-  due  nortli.  \\r  have  thr  an  «:•!«•  to  station    l(i-r.O  =  •_>'  :   and 

;ation   LI,  twi  and  BO  OIL      I  laving  drtrrmincd 

thr   position   of    thr   primitive   stations.    \vr   mav.   by   addition-   and 

suhtr;  f  thr   angular  lialf  \\idtlis  and   widths   of  thr   pin's, 

.line  tin-  angular  positions  of  thr  points  «  l>  <•  ,1  ;   and   upon 

prinriplrs  wr  roust  rnct  thr  follow  in  »•  tahlr,  vi/., 

BEARINGS  OK  Ki  UIINGS  OF 

J'KIMITI\  i    -  /*  AMP  ./  a  AN 

\  i:.  vi:. 

Station  10  to  10-50  angle  =  28'  +  2'  15"  =        30'  l.V 

"        11-00      "       =  .r)G'  -f-  "  =         58'  15"  —  4'  30"  = 

u        u        11.50      "       =  84'  -4-  "  =  1°  2G'  l.V—  "  =   1     21 

u         u         ,.,.,„,       •       =  11^'   4-  «  =1054'1")"—  li  =1°4'.)' 

12-50       "       =  140'   -h  "  =2°  22'  15"—  "  =  2°  17' 

"         "        13-00      "      =  168'  -f-  «  =  «  =  2°  45' 

=  I'.uV  •  N.K.  :;     \V> 


:iiU'  thu-  ai-i-an-rd  a  tal.lr  of  iM-arin^s  from  thr  rciitiv  of  thr 
rnrv.-.  or  (.!,  of  a  b  c  <1,  \\  ith    thr   primitive  station  to  which  th< 
ronii<M-t«'d.  i    pivpan-  a   tahlr  containing  l»oth    hearings   and 

<li>tan«-rs.  h-;i\  .r  tin-  northings  ami  ra>tin--  to  hr  added 

aftrr  rompntatioii. 
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A  TABLE  OF  BEARINGS, 

\\CE8,  NORTHINGS  AND  EASTINGS,  OF  STATIONS, 
FROM  C,  OR  THE  CENTRE  OF  THE  CURVE. 


PRIMITIVE  STATIONS. 

BEARINGS. 

Da 

TAXCE3. 

NORTHINGS 

IN   FEET. 

i 

IN     HI    I. 

10  00  from  C  to  10 
10-50    "      u  "  d 

Due    North 
N.E.  =  0°  3ff  15" 

r  -f  0  feet 
r  —  9    " 

=  6138-85  feet 
=  6129-85    " 

—  fi1A*7*fi^      ** 

6188-85 
6129-61 
fi!47'fil 

oo-ooo 

53-938 

">  1  -ii'ii'i 

11-Od 

N.E.  =  0°  5y  45" 

r  —  9    " 

—  Dl'i^    oO 

=  6129-85    " 

t1  1  1  .    Ol 

6129-10 

K<6H 

•  "  a 

Ci                    U              U 

r  +  9    " 

=  6147-85    M 

6147-10 

96-119 

u 

N.E.  =  0°  5ff  45" 

r  —  9    " 

=  6129-85    " 

6128-97 

103-860 

••  ''  b 

u         a 

r-f-9    " 

=  6147-85    " 

6146-97 

104-165 

11  '50    u      "  "  c 

N  r.  =   10  21'  45" 

r  —  9    " 

=  6129-85    M 

6128-12 

,     l    1  ,-  .    1    1 

I    ]  ,-  .    I  ^-> 

u         a       u  n    j 

-   10  26'  45" 

r-j-9    " 
r  —  9    " 

=  6  147  "85    " 
=  6129-85    " 

oHo  11 
6127-92 

1   i''      1       ' 

153-176 

12  00    "      "  "  c 

N.E.  =  l°4y  45" 

r-|-9    " 
r  —  9    " 

=:  6147-85    " 
=  6129-85    " 

6145*92 

6126-73 

195-662 

u         u       u  «    a 

"        « 

r  +  9    " 

=  6147-85    u 

6144-72 

196-237 

U             it          U    (t     ^ 

N.E.  =  10  54'  15" 

r  —  9    " 

=  6129-85    a 

6126-46 

M*MI 

U             U          U    it     fo 

1C                    <(              U 

r  +  9    " 

=  6147-85    " 

till!    r> 

jiii  j-ii 

12  50    "      "  "  c 

N.E.  =  2°  1745" 

r  —  9    " 

=  6129-85    " 

•  >  ir  •  1  — 

a         u       «  ,.   d 

N.E.  =  20  2*  15" 

r-f-9    " 
r  —  9    u 

^=  l>  M?-85    *' 
=  6129-85    «* 

HJQ    1  <  * 
253-574 

u          « 

r-f»    " 

•MS      U 

6142-59 

254-318 

}           '  "  ' 

N    1  .  =   2045*45" 

r  —  9    " 

=  6129-85    " 

6122*81 

295-435 

a         u       u  u   fl 

u             tt 

r  +  9    " 

=  6147-85    M 

13-50    •«      «  «  0 

N.E.  =  30  WOO" 

r  —  0    " 

=  6138*85    u 

nm  -: 

i-  |U 

Ml  M 

.-   Id 

•-;  !  n 

Hi  --i 

Havinir  JIP-J..  ile  «.r  In-jn-in-s  ;nul  (fistanoea  tVnm  tlic 

<'     t..     til.'     rnrillTS     nf     tlir     Jli.TS.     \\c     ill  t  pulim-     c\;ill)]>lr>     of 

«-iini|Mitnti-  :  id  (-nstings;     nil  tin-  iM-nrin--    tin-    t:iM«' 

eontei  ....  (/    U(.  |1;1. 

.  M 

:    aii.l    L  ass  COB.  B  £ 


USEFUL      FORMULAE. 


10-50   d    =  N.E.  |0  ftp  ip   **.  = 

6    =  61*9-85         toff.  =  3  7874499 

D  =  53  938          toff.  =  1-7318958        L  =  6139-61 


log.  =  3-7874499 
log.  =  :; 


10-50    6    =  N.E.  .in.  =  7*9444459  COB.  =  9-9999898 

d    =  6147-85  lot-  =  3-7887833  tog.  =  3-7837838 

D  =  54-096  log.  =  1-7331692  L  =  6147-61        log.  =  3  ?t«?OG5 

11-00    e    =  N.E.  00  53*  45*  «n.  =  8-1940869  cos.  =  9-9999469 

6    =  6129-85  log    =3-7874499  log.  =  3  T 

D=  95-838  tog.  =  1-9815368  L  =  6129-10        log.  ==  3-7873968 

11-00    a    =  N.E.  00  53*  45*  sin.  =  8-1940869 

d    =  6147-85  log.  =  3-7887233 

D  =  96-119  log.  =  1 


cos.  = 

log.  =  3-7887233 

L  =  6147-10        log.  =  3-7886702 


11-00    d    =  N.E.  00  58*  15*  Bin.  =  8-2290013  COB. 

d    =  6129-85  log.  =  3-7874499  log. 

D  =  103-86  tog.  =  2-0164512        L  =  6128*97        log. 

11-00    b    =  N.E.  00  5*  15*  Bin.  =  8-2290013 

d    =  6117-85  log.  =  3-7887233 

D=  104-165  log.  =  2-0177246        L  = 

11-50    c    =  N.E,  10  21'  45*  Bin.  =  8-3761729 

d    =s  6129-85  log.  =  3-7874499 

D  •=  11-755  [log-  =2-1636228        L  = 

11-50    a    =  N.B.  10  21'  45*  Bin.  =  8-3761729 

d    =  6147-85  tog.  =  3-7887233 

D  =  146  188  tog.  =  2-1648962        L  = 

11-50    d    =  N.E.  1°26M5*  Bin.  =  8-3994397 

A    =  6129-85  tog.  =  3-7874499 

D   =  153  776  log.  =  2-1868896        L  = 
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11-50    b    =  N.E.    1^  26'  15"    sin.  =  8-3994397  cos.  =  9-9998633 

d    =  6147-85         log.  =  3-7887233  log. 


D  =r  154-288         log.  =  2-1881630        L  =  6145-92        log.  =  3-7885866 

18-00    c    =  N.E.    10  49-  45"    sin.  =  8-5040569  cos.  =  9-9997786 

6   =  6129-85        log.  =  3-7874499  log.  =  3-7874499 


D  =  195-662  log.  =  2-2915068  L  =  6126-73        log.  =  3'7872285 

12-00    a    =  N.E.  1°  41'  45"  sin.  =  8-5040569  cos.  =  9-9997786 

<J    =  6147-85  log.  =  3-7887233  log.  =  3-7887233 

D  =  196-237  log.  =  2-2927802  L  =  6144*72        log.  =  3-7885019 

12-00    d    =  N.E.  10  54'  15"  sin.  =  8-5215024  CO*  =  9-9997601 

d    =  6129-85  log.  =  3-7874499  log.  =37 


203-682         log.  =  2-3089523        L  =  6126*46        log.  =  3-7872100 

N.E.    1°  54'  15"    sin.  =  8-52F  co».  =  9-9997601 

6147-85         log.  =  3-7887233  log.  =r  3-7887233 


204-280        log.  =  2-31(h>U.>7        L  =  6144-45        log.  =  3-7884834 


12-50    e    MS  N.E.    2°  17'  45"    sin.  =  8-6027015  cos.  =  9-9996513 

,'    •  6129-85        log.  =  3-7874499  log.  =  3-7874499 


D  =s             245-557  log.  =  2*3901514  L  =  6124*93        log.  =  3-7871012 

11-50    a    =  N.E.    20  17'  45*  sin.  =  8-6027015  to..  =  9*9996513 

<5    =              6147*85  log.  =  3-7887233  log.  =  3*7867883 

D  =              246*177  log.  =  2-8914248  L  =  6142*92        log.  =  3*7883746 

11-50    4   =  N.E.  8°  Of  IS*  .In.  =  8-6166545  MM.  =  9-9996881 

6    =             6129-85  log.  =  3-7874499  log.  =  3  7874499 


D  =  863-574  log.  =  8-4041044  L  =  6124*60       log.  =  3-7870780 

12  SO    *  =  N.E.  80  2*  15"  »ta.  m  8-6166545  MM.  a  9-9996281 

4  as  CI47-R5  Inf.  =  3*7887838  log.  =  3*7887888 

l>  854-818  tef.  ae  8-4858778  L  =  6142*59       Ing.  =  8*7888514 


USEFUL      FORMULJE. 


13-00  c 


o  45*  45"    sin.  =  8-6830114  cos.  =  9-9995011 

6189-85        log.  =  3-7874499  log.  =  3-7874499 

895-435         log.  =  8-4704613        L  =  6182-81        log.  =  3-7869510 


13  00  a 


N.E.  8^  45'  45"  sin.  =  8*6830114 
6147-85  log.  =  3-7887833 
296-308  log.  =  2-4717347  L  =  6140*79  log.  =±  3-7888844 


cot.  =  9-9995011 
log.  =J=  3-7887233 


13-50  station  N.E.    3?  16'  00"    sin.  =  8-7557469 
6    =»  6138-85         log.  =  3-7880870 

D  = 


cos.  =  9-9992938 
log.  =r  3-7880870 


349-811 


log.  =  2-5438339   L  =  6128-87   log.  =  3-7873808 


Bating  computed  all  tin-  points  connected  with  the  rcntr.-  ('.  and 
carried  the  results  into  the  preceding  tahh-  of  hearings,  distal: 

•  compute  tlie  relative  situation  of  the  points  A  and  B 
from  station  1<>.  AVe  have  In  -fore  >tated  that  tin-  line  1<»  A  made 
an  an-le  with  the  radius  of  the  CUT  :  tip-  radius  heini;-  taken 

to  hear  due  south  from  1<>.  irives  the  hearim:  of  1<»  A  =  S.  1'n0  ^\". 
The  anirh1  at  A,  in  the  triangle  1(>  A  \\.  heinu1  s:;°.  o-j\vs  the  hear 
of  A  B  =  S.  77  K.  And  the  an-le  at  K),  hein-  65  .  gives  the 
bearing  10  to  BBS  8.  45°  K.  Having  thus  ascertainetl  the  hearinirs. 
and  the  distances  hcin^  already  coinituted.  we  now  make  up  a  tahle 
of  bearings  and  distances,  leaving  room  to  put  in  the  latitudes  and 
\\lien  ohtained. 


I.  i:  A  RINGS    AND    D  1ST  A  NCI 
FROM     STATION     10    TO    A    AND    B,    AND    FROM    A    TO    B. 


BCABIXOft     '           l>            -.CM. 

- 

I 

WKITIMO. 

From    10  to  B  =    8.B.    450   =  374-61  feet 

864-884 

864-884 

"       10  lo  A  =:    8.W.  800   =  jQO-00  feet 

187-939 

K  101 

"        A   lo  B  =    8.E.    770   ss  333-888  feet 

76-945 

m  m 

now  proceed  to  comput.-  the  latitudes  and  depart  \\n-~. 
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(  (IMPUTATIONS    OF    THE    LATITUDES    AND    DEPARTURES. 
S.E.    450  W  W      sin.  =  9-8494850  cos.  =  9-8494850 

d    =    374-61  log.  =  2-5735710  log.  =  2-5735710 


D=    864-884  log.  =  2-4230560        L  =  264-884        log.  =  2-4230560 

•LW.     20°  OIK  00"   sin.  =  9-5340517  cos.  ;=  9-9729858 

d    =    200  feet         log.  =  2-3010300  log.  =  2-3010300 


D  =    68-404  log.  =  1-8350817  L  ss  187'939        log.  =  2-2740158 

770  W  00"  sin.  =  9-9^  cos.  =  9-3520880 

d    =    342-05  log.  =  2-5340960  log.  =  2-5340960 

D  =    333-288  log.   =  2'5228199  L  =  7G-945          log.  = 


•  Minputed  our  latitudes  and  departures,  and  written  them 

in   the   above    table,   it   now  becomes   necessary  to  ascertain   their 

•ive  jHtsitioii  to  the  point  ('.     We   find  by  our  table,  computed 

i  the  point  C,  that  station  10  has  a  northing  of  6138*853  t 

and  easting  it  has  nothing.     We  see  by  the  above  table  that  A  is 

west  of   l<)=i;s-4<il    ir«-t.     For  the   purpose  of  preventing  the 

necessity  of  an  additional   column,  we  shall   note  this  in   our  table 

of  northings  an-i  -in   point  C,  as  minus  eastings,  distin- 

guishiim  it  liv  tl  thus,  ( —  i'.s-lolf)  in  the  easting 

<-olnnin.      N«.\v    A.    being    south    of   station    Id    1  feet,    w«- 

subtract  tlii-i  -inn  iVom  the  northing  of  ]  i  >.  \\hi«-h  gives  ilie  northing 

Thus, 

Station          10     northing  =       6198-851 
A    from        10  «        =    —  187-189 

Lwes  UM  northing  of  A   ==       5950  914  feet 


Th«-n.  managing  in  a  lik«-  \\ith  .station  1».  \\r  li;i\e  H  east 

:nid.  a-i   in  ha-  iii-itlirr 

.il.lr   as    t!: 


L38  USEFUL     FORMULA. 

tlu'  northing  we  have 


Again:  for  the  purpose  of  proving  a  portion  of  our  work 
ascertain   the  relative  position  of  B  from  A.     We  have  previously 

found  the  >ituation  of  A  to  be 

A  northing    =       5950-914     and  easting  —    68-404 

B  (from  the  preceding  table)      "  =    —    76-945  "  338-288 

B  *          m       5873-969  "  269-884 

Adding,  as  indicated  by  the  algebraic  signs,  gives  the  northings 
and  eastings  of  B  as  above.  We  now  carry  these  results  into  the 
preceding  table  of  northings  and  eastings,  etc.,  from  C;  and  it  will 
then  contain  all  the  points  which  are  needed. 

:ii'_r  completed  our  table  of  hearings,  distances,  northings,  and 
eastings,  etc.,  from  the  point  or  centre  C,  we  next  compute  the 
bearings  from  A  and  B  to  the  several  corners  of  each  pier  and 
abutment  noted  in  the  aforesaid  table,  and  to  station  13*50  of  the 
••ral  hx-ation;  the  bearing  to  station  10  being  already  knoun. 
Beginning  with  corner  b,  in  the  abutment  at  station  10 ••"•",  the 
formula  may  be  thus  enunciated,  applying  the  affix  N  to  the 
expression  representing  the  station,  for  northing,  and  i:  for  easting, 
we  then  have 

AN  co  &N  :  1  : :  A  E  eo  &E  :  tan.  B  =  .A!  "  ?* 


eo   0  H 


wherein  li  expn-sses  the  bearing  sought. 
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EXAMPLE      OF     COMPUTATIONS. 

Station  10-50    AH  co  ftx  =      5950-914  ~>  6147-61    =  196-696  log.  =r  2-2937956 

AE  co  ftz  =    -,.  68-404  co      54'096  =  122-500  log.  =  2-0881361 

B'  or  bearing  from  A  to  10-50  b    =  N.E.  31°  54'  51"  *  tan.  =  9-7943405 

10-50    Ax  co  dx  =      5950-914  co  6129-61    =  178-696  log.  =  2-2521148 

Ac  co  dE  =    —  68-404  co      53-938  =  122-342  log.  =  2-0875756 

B'  or  bearing  from  A  to  10*50  d    =  N.E.  34°  23-  49"     tan.  =  9-8354608 

11-00  Ax  co  ax  =  5950-914  co  6147-10  =196-186 
AE  co  OB  =  —  68-404  «o  96-119  =  164-523 
Bearing  from  A  to  11-00  a  =  N.E.  39°  59-  00" 

11-00  Ax  «o  by  =  5950-914  co  6146-97  =  196-056 
AE  co  *B  =  —  68-404  co  104*165  =  172*569 
Bearing  from  A  to  11-00  b  =  N.E.  41°  21'  15" 

11-00  Ax  co  ex  =  5950-914  co  6129-100  =  178-186 
ABCOCB  =  —  68-404  co  95-838  =  164-242 
Bearing  from  A  to  11-00  c  =  N.E.  42°  40'  29" 

Station  11-00  Ax  co  ds  =  5950-914  co  6128-97  =  178-056 
AE  co  d«  =  _  68-404  co  103-860  =  172-264 
Bearing  from  A  to  11  00  d  =  N.E.  44°  03*  10" 

11-50    Ax  co  ax  =      5950-914  «o  6146  11     =  195*1%  log. 

As  co  OB  =    —68-404  co     146-183  =  814-587  log. 

«  A  to  11  50  a          =  N.E.  47°  52-  48"          Un. 


log. 
log. 
tan. 

log. 
log. 
tan. 


ft*MMM 
2-2369628 
|-t440Bn 

2*2508736 
2*2155842 


9-9647106 


0-0437855 


11*50    Ax  ~>  ft*   =r      5950-914  «o  6145-980  =  195-006  log. 

Ai  ~>  ftx  =    —  68-404  «*    154-888  «  888*638  log. 

A  to  11-50  ft          =  N.E.  483  47'  04"         tan. 


Tb€  DorUHof  of  A  betaf  ICM 

ij«(    '>[    i  mjf  »i    f»f 


tkaa  tb«  Borthinff  of  ft,  and  the  eaillnf  of  A  being  ICM  than  ft, 
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Station  11  50  Ax  «o  ex  =  5960-914  c*  6129  120  =  177*906 
Ac  «o  CB  =  —  68-404  «o  145-755  =  214-159 
Bearing  from  A  to  11  50  c  =  N.E.  50°  23*  88" 

Station  11  50  Ax  «o  dx  =  5950-914  «o  6127-929  =  177-006 
AE  «o  </E  =  —  68-404  «o  158  176  s  221-580 
Bearing  from  A  to  11  50  d  =  N.E.  51O  22*  56* 


Jog.  =  2  2179880 
Jog.  =  2-3155906 
tan.  =  0  C975426 


Station  12*00    Ax  «o  ax  =      5950*914  «o  6144-720  =  193-806  log.  =  2  ~> 

AE  co  OE  =    —  C8-404  co    1S6-237  =  254  641  log.  =  2-4226571 

Bearing  from  A  to  12-00  a         =  N.E.  53 °  47'  00"         ton.  =  0-1352899 


Station  1200  Ax  eo  frx  =  5930-914  «~  6144-450  =  193-536 
AE  co  fes  =  —  68-404  co  204-230  =  272-684 
Bearing  from  A  to  1200  b  =  N.E.  54°  S31  06"  tan.  =  0-1488980 


log.  =  2-2367617 
log.  =  2  4356597 


Station  12-00    Ax  co  ex  =      5950-914  co  6126-730  =  175-816 
AE  co  CE  =    —  68-4C4  «o    195-662  =  264-066 


log.  =  2-2450584 
log.  =  2-4217125 


Bearing  from  A  to  1200  e          =  N.E.  56°  20-39"  tan.  =  0- 1766541 

12-00    Ax  <o  dy  =      5950-914  ~  6126'4«0  =  175-546  log.  =  2' 2 1-171 -r- 

AE  co  dE  =    —  68  404  «o    203-682  =  272-086  log.  =  2'4347062 

Bearing  from  A  to  12-00  d         =  N.E.  57°  09'  04"  tan.  =  0' 1899937 


Station  12-50  Ax  «o  «>•  =  5950-914  co  6142-920  =  192-006 
AE  «o  ar.  =  —  68-404  co  216- 177  =  314*581 
Bearing  from  A  to  12-50  a  =  N.E.  58 c  37  37" 

Station  12-50  Ax  co  ftx  =  5950*914  co  6142*590  =  191-676 
At  co  frB  =  —  68-404  co  254-318  =  322*722 
Bearing  from  A  to  12-50  b  =  N.E.  59°  17  33" 

Station  12-50  A.v  «o  ex  =  5950*914  •»  6124  930  a  174*016 
AE  co  CE  =  —  68*404  •»  245*577  —  313*961 
Bearing  from  A  to  12  50  e  =  N.E.  61°  OC'  08" 
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Station  12*50    Ax  <»  ds  =      5950-914  ^  6124-600  =  173*686  log.  =  2-2397648 

ABeodusr    —  68-404  eo    253-574  =  325-978  log.  =  2 -5«  : 

Bearing  from  A  to  12-50  d         =  N  E.  61  a  39/  22"        tan.  =  0-2680614 

13-00    Ax  c/>  ax  =      5950-914  ~>  6140'790  =  189-876  lojj.  =  2-2784701 

AB  eo  OK  =    —  68-404  co    296-3C2  =  364-706  log.  =  2-5619430 


Bearing  from  A  to  13-00  a         =  N.E.  6*0  2S'  5C"  tan.  =  (r.b3-i729 

Station  13-00    Ax  <~  rx  =      5950'914  ~  6122-810  =  171-896  log.  =  2'23T2658 

AB  <*>  CE  =    —  68-404  ~    295-435  =  363'639  log.  =  2'5e09CG5 

Bearing  from  A  lo  13-00  c         =  N.E.  64°  42*  41"  tan.  =  0-£236407 

13-50    Ax  ~  13-50X  =      5930-914  to  6128-870  =  177'956  log    =  2-23(2980 

AE  co  13-50E  =    —  68-404  eo    319'82t  =  4I8'215  log.  =  2'f2I3996 


Bearing  from  A  to  station  13-50  =  N.E.  66°  57'  01"  tan    =  0-3711016 

Having  c(,in]>ut(  d  the  bearings  from  A  to  the  corners  of  each  pier 
and  abut  m  -nt  sliown  in  tli  'diagram,  including  stations  10  and  13*50 
in  the  alincment  of  the  road,  we  now  proceed  TO  c«  inputc  the  bearing 
of  the  corners  of  eacli  pier,  and  tlie  stations  10  and  13'50from 
station  I). 


10-50    B*  </»  As     =    5673-9G9  <o  6147-610  =  27  log.  =  2  -i 

BB  «•  »•    2      264-881  «o      54-096  =  210-788  log.  =  2-92.18459 

Bearing  from  B  to  10-50  B         =  N.W.  37°  36'  27"  tan.  =  9-08J6647 

StaUoa  10-50    B>  ~  4v    s    6873*969  M  6121-610  =  255-641  Jog.  =  2-4076805 

BE  •»  dt    =      264-881  ••      58-998  =  210*946  log.  =  2-C2417I3 

Bearing  from  B  to  10*50  d         =  N.W.  99°  31'  41"  Inn.  =  9  9165408 

11-00    B*  ••  at    as    5873-969  M  6147*100  =  273-131  log.  =  2-43C37IO 

BB**OT    «      244-894  *>      96*119  =  168-765  log.  ae  2*2279884 

B  to  11  00  «         =  N.W.  31°  42-  41"  tan.  =  9*7909114 


11*00    B*  •*  »«    m    5873  969  *•  6146  970  SB  273-001  log.  s  2-4361642 

BE  -  »E     m     264884  ••    104-165  «  160*719  l-g.  =  2  M60672 

BMBHB^BMBftBMBflM 

MB  B  to  11*00  »          a  N.W.  30®  29*  W      Inn.  =  9*7699030 


132  USEFUL      FORMULAS. 

Station  11-00    Bx  ~  ex     =    5873  969  •>  6189-106  =  255-131  log.  =  8-4067682 

Bt  »•»  CB    =      264-684  ~      95-898  =  169*046  Jog.  =  2-2280049 

Bearing  from  B  to  11-00  b         =  N.W.  33-  31'  40"  tan.  =  9-r-_ 

Station  11-00     Bx  *o  ds     =    5673-969  «o  6128-970  =  255-001  log.  =  2*4065419 

BB  eo  dm     =      264-884  oa    103-660  =  161-024  log.  =  2- 


B  to  11-00  d         =  N.W.  3*3  16'  15"      tan.  =  9-8003487 


11-50    Bx  c*  ax     =    5873*969  co  6146-110  =  272  111  log.  =  2-4317WO 

BB  eo  OB    =      264*88409    146-183  =  11-  ;m  log.  =  2-0744544 

Bearing  from  B  to  11*50  a          =  N.W.  23°  33*  56"  tan.  =  9-G396604 

11-50    Bx  ~  by    —    5873-969  co  6145-920  ==  271-951  log.  =  2*4344907 

BE  co  bz    =      264*884  eo    154*228  =  110-656  log.  =  2-0439751 

Bearing  from  B  to  11  50  b          =  N.W.  22°  08*  29"  tan.  =  9-6094844 


Station  11-50    Bx  </•»  c*     =    5S73-%9  ~»  6128*120  =  254'  151  log.  =  2*4050918 

BB  «*  CE     =      264-884  co    145*755  =  119  129  log.  =  2  <> 

Bearing  from  B  to  11  50  e          =  N.W.  25=>  06'  51"  tan.  =  9*6709257 

Station  11*50    Bx  <~  dx     =    5873*969  co  6127*920  =  253*951  log.  =  2*4047499 

BBcodE     =      264-8*4  «o    153*176  =  111*708  log.  =  2-0480883 

Bearing  from  B  to  11*50  d         =  N.W.  23?  44'  38"  tan.  =  9*6438864 

12*00    Bx  co  ax    =    5783*969  co  6144*720  =  270*751  log.  =  21 

BE  co  OE     =      264*884  co     196-237  =    68*647  log.  =  1*8366216 

Bearing  from  B  to  12-00  a         =  N.W.  14°  13*  38"  tan.  =  9-4040515 


12-00    Bx  <o  by     =    5783*969  «/»  6144-450  =  270-481  log.  =  2*  1 

BE  </»  *>&     =      264-884  co    204*280  =    60-604  log.  =  1-7825018 

Bearing  from  B  to  12*00  b         =  N.W.  12°  37'  45"  tan.  =  9*3503645 

Station  12-00    Bx  «*  ex    s    5673*969  <*>  6126  730  =  252  761  log.  =  2*4027100 

BE  co  CE    =      264-884  co    195  662  =    69*222  log.  =  1-8402441 

Bearing  from  B  to  12-00  e         a  N.W.  15°  18*  56*  tan.  =  9*4375341 
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Station  12-00    Bx  ~  d jr    =    5873'969  ~  6126-460  =  252-491  log.  =  2-4022459 

BB  «o  dB    =      264-884  ~    203-682  =    61'202  log.  =  1-7867656 

Bearing  from  B  to  12-00  d         =  N.W.  130  37'  31"       tan.  =  9  3845197 


18-50    Bw  oo  ax     =    5873-969  <~  6142-920  =  268-951  log.  =  2-4296731 

BE  co  as     =      264-884  co    246-177  =    18'707  log.  =  1-2720041 

Bearing  from  B  to  12-50  a         =  N.W.  3^  58' 44"         tan.  =  8-8423310 


12*50  Bx  «/•»  by  =  5873-969  ~  6142-590  =  268-621 
BE  co  t>E  =  264-884  ~  254-318  =  10*566 
Bearing  from  B  to  12  50  b  =  N.W.  2°  15'  09"  tan.  =  8  5947707 


log.  =  2-4291399 
log.  =  1-0239106 


12-50    BN  co  cw 
BB  co  CB 


5673-969  <*>  6124-930  =  250-961 
964-884  co    245-557  =    19-327 


log.  =  2-3996062 
log.  =  1-2861644 


Bearing  from  B  to  12  50  c          «=  N.W.  4°  24'  13"         tan.  =  8*8865582 


18-50  Bx  «o  dx  =  5873-969  co  6124-600  =  250'631 
BE  co  dt,  =  264-884  co  253-574  =  11-310 
Bearing  from  B  to  12-50  d  =  N.W.  2°  35'  02"  tan.  =  8-6544278 


log.  =  2-3990348 
log.  =  1-0534626 


13-00  B»  ~  as  —  5873-969  </>  6140-790  =  266-821 
BB  **  at  =  264-684  ^  296*302  =  31*418 
Bearing  from  B  to  1300  a  =  N.E.  6°  48/  56"  tan.  =  9  0709585 


log.  =  2-4M9800 
log.  =  1-4971785 


13-00    Bx  ••  ev    a    5878-961  «>  6128*810  »  248*841  log.  a  2 

BE  •»  <:B    =      264*884  *o    295*435  a    30*551  lof.  =  1-4844564 

from  B  to  13  00  e          «  N.E.  6*  59'  85"          tan.  »  9*0885344 


13-50    B»  «•  13*50»  •«  5873*969  ••  6126*870  «  294*961  log.  =  8*4063715 

BE  ••>  I3-50E  m    264*884  ••    349*811  =    84-927  log.  =  1*9290458 

Beartaf  from  B  toatalkra  13*50  -s  N.E.  18°  ay  37"        tan.  c  9*5226743 


•lavi-  tlniH  completed  nnr  riunpufatimix  nf  l.rarini:--.  tVmii  (li<> 
points  A  and  B  to  the  r«  .       \\  .   001  arrange 

in  the  following  table,  and  from  the  bearings  bctu.  -,  -n  A 
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B,  and  1>  \  and  the  corner  of  tin-  piers,  eu-.,  we  readily  deduce 

the  aiiirlcs   ivt|iiired  to  be  measured  at  A,  and  in  like  manner  those 
required  to  be  measured  at  B. 

A     TABLE      OF     B  E  A  R  I  N  O  8, 

>r\TloN>     V      \M>      II    T<>     Illl.     (  MUM.U-     <•!      Till:     Si:\!K\l,     IMIU-     \M» 
ABUTMENTS,  AND  TO  STATIONS  10  AND   13  50 ; 

WITH  THE    ANGLE*  TO   MEASURE  FBOM   A    AND  B  TO   BACH   OOBHBB   AND   ST  ,  TED. 


PlEBS 
AND 

CORNERS. 

BEARINGS  FBOM 
STATION  A  TO  THE 

POINTS   INDICATED 
IN   COLUMN   1. 

BEARINGS  FROM 
STATION  B  TO  THE 
POINTS  INDICATED 
IN  COLUMN  1. 

ANGLES 
AT  STATION  A 
WITH  B.   \M> 

THE  POINTS 

1XM<    \ 
'              MN    1. 

•l-ES 

AT  STATION  B 
WITH  A,  AND 
THE  POINTS 

IM'I.'VTBD  IH 
COLUMN  1. 

10-00  station 

O      /       H 

N.E.     20  00  00 

0      /      // 

N.W.     45  00  00 

0      /      " 
83  00  00 

0      /      /' 
£2   00   00 

10-50          b                        31  54  51 

37  36  27 

71   05   C9 

39  23  83 

d 

"       34  23  49 

39   31  41                68  36   11 

37  88  19 

11-00          a 

"       39  59  00 

"         31  42  41               63  01  00 

45    1 

b 

"       41  21   15 

"         30   29  09                61  38  45 

46  30  51 

c 

"       42  40  29                "         33  31  40               60   19  31 

43  28  80 

d                "       44  03   10 

"         32   16   15               58  56  50               44  43  45 

11  50          a 

47  52  48 

23  33  56 

55  07    1.'               53  26  04 

b 

48  47  04 

"         22  08  29 

54   12  56 

54  51  31 

"             c                        50  23  38 

"         25  06  51 

52  C6  22 

51  53  09 

**             d                "       51  22  56                "         23  44  38 

51   37  04 

53  15  88 

12-00          a                 "       53  47  00 

14   13  38 

49    13  00 

62  46  88 

b                "       54  38  06 

"         12  37  45 

48  21   54 

64  22   15 

e                 "       56  20  39 

15   18  56               46  39  21 

Gl   41   04 

u              d 

"       57  09  04 

"         13  37  31 

45  50  56 

(-.:«   M  •«• 

12  SO          a 

"       58  35  37 

3  58  44 

44  84  S3 

73  01    16 

b 

"       59   17  33 

"           2   15  09 

43  42  37 

71   44   51 

e 

"       61  00  08 

4  24  13 

41  59  58 

72  35  47 

d 

"       61  39  88 

2  35  02 

41  20  38 

74  84  58 

13-00          a 

«       68  89  50 

N.E.        6  48  56 

40  30  10 

83  48  56 

c 

"       64  48  41 

6  59  25 

38   17   19 

83  59   25 

13-50  station 

"       66   57  01 

"         18  85  37 

36  02  59 

95  25  37 

A 

N.W.     77  00  00 

B 

8.E.     77  00  00 
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We  have  thus  completed  our  table  of  angles  which  are  to  be  used 
in  the  location  of  the  points  indicated  as  follows.  Having  two 
observers  with  instruments,  one  at  station  A  and  the  other  at  B? 
each  having  a  suitable  instrument,  they  proceed  to  lay  off  upon 
thrir  respective  instruments  the  angles  indicated  in  the  table  to 
•  >ne  of  the  corners  or  stations  desired.  Having  done  this,  an 
assistant  repairs  with  a  boat  to  the  place  of  intersection  of  the  lines 
corresponding  with  their  instruments  ;  and,  if  the  water  be  not  too 
deep,  fixes  a  stake  by  driving  it  into  the  mud  or  sand  which  forms 
the  bottom  of  the  river.  Or,  if  piles  are  being  driven  from  a  scow, 
the  position  of  the  pile  may  be  brought  to  the  intersection  indicated 
by  the  instruments,  and  driven.  Or,  the  point  may  be  otherwise 
marked  by  mooring  a  buoy  or  float  by  the  aid  of  two  or  three  lines ; 
and  doubtless,  by  many  other  devices,  marks  may  be  fixed  which 
will  be  found  equally  simple  and  exact,  the  whole  of  the  mechanical 
operations  being  so  simple  in  their  character  as  not  to  need  further 
description.  I  will  only  add  that  we  have  made  use  of  the  method 
which  we  have  here  endeavored  to  develope  in  several  instances,  and 
;<>u ml  it  very  convenient  and  accurate. 

(  •)  1  )  We  have  thus  in  the  foregoing  pages,  completed  our 
contemplated  essays  upon  railroad  curves  conmvted  v\ith  the  aline- 
ii). -nt-  of  the  main  tr:n-k<.  side  tracks,  and  turnouts;  wo  now 
propose  to  add  a  formula  for  unit  HILT  the  different  gradients  of 
railroad  tracks  with  vert  Seal  rur\- 

Beforc  we  proceed  to  the   investigation  of  formula,  we   would 

it  IB  not  our  purpose  to  give  anything  like  a  full  de.,rnption 

of  i  .itiona   for   laying  down    the    irradients  of  a  railroad 

track,  (the  opernt  ing  so  simple  in  rliara. -ter  an  to  be  readily 


[Fio.     21.] 
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comprehended  by  every  one,)  but  merely  to  develope'  a  formula 
which  lias  been  found  convenient  and  useful  in  our  practice  of 
rounding  off  the  salient  angles  and  hollowing  the  re-entering  angles 
(if  they  may  be  so  termed)  formed  by  the  intersections  of  the 
gradients  of  a  railroad  track. 

(  i)  2  )  In  our  practice  we  have  never  laid  down  a  vertical  curve 
of  a  less  radius  than  forty  thousand  feet,  but  in  general  our  curves 
have  embraced  two  hundred  feet  upon  either  side  of  the  intersecting 
point  of  the  gradients:  that  is  to  say.  the  vertical  arc  has  usually 
been  about  400  feet  in  length  ;  but,  when  the  inclinations  of  the 
gradients  have  been  such  as  to  make  the  angles  to  be  rounded 
or  hollowed,  comparatively  acute,  we  have  sometimes  used  a 
shorter  arc. 

I1!'  suming  that  the  inclinations  of  the  gradients  and  the  relative 
positions  of  the  angles  have  been  determined,  we  commence  with 
tli»-  investigation  of  formula  for  determining  the  value  of  these 
angles  in  degrees. 

problem  presents  four  different  cases,  viz.,  the  salient  angle 
formed  by  an  ascending  and  dew-ending  ^radc.  Th«>  re-entering 
angles  formed  by  two  descending  or  ascending  grades,  one  of  which 
being  much  more  inclined  than  the  other.  The  re-entering  angle 
formed  by  a  level  line,  and  <me  ascending  or  descending  grade.  The 
re-entering  angle  formed  by  a  descending  and  an  ascending  grade. 

To  explain  the  foregoing  angles,  and  the  method  of  ascertaining 
ir  value  in  degrees  and  minutes,  (See  Fig.  21,)  let  a  a  repres.  nt 
a  level  line,  A  8  an  ascending  grade,  and  8  D  a  descending  grade, 
T 


L      rORMULJB. 
then  will   the  anirlo   fti    8          M    salient   an-le.      To   determine    the 

ogle,  Ni/..  A.  8D,  we  \\\\\  supp.-  e    \  >  to 

at  tlic  rate  of  forty  f.-ei  t..  the  mile,  ainl  S  1)  to  descend  at  tl 

of   twenty-live   feet    to  the  lllile.       We  will   llo\\    >llppo>e    S  //    to  equal 

S  ])  and  S  A'  are  also  taken  as  a  mile  each: 
meh  as  there  will  he  no  practical  ditl'eivnce  hetwecn  tho 
h  of  a  line  inclining  l<>orevrn  M»  fe<  t  to  the  mile,  and  the 
line  reduced  to  a  level,  (ami  this  remark  \\ill  apply  almost 
:-<allv.  ..r  t.i  tlie  o-railieiits  of  railroads  in  uvneral:)  thei'efore 
the  lines  S  A,  S  fl,  S  1)'.  are  taken  each  as  one  mile. 


:n  an  inspection  of  the  li_irniv.  it  will  he  oh\  ions  that  the 

A  S  I)  will  equal  180  —  (A  S  a  +  D  S  a)  and  the  an-h-  A  S  „  = 

A'  S  a;   wherefore.  A  S  a  +  D  S  a   =  I>  S  A   :  and  the  following 

method  of  determining  which,   though  not   strictlv  accurate,  will  ho 

found  suliiciently  exact    for  every   practieal   pur]>.»..e.      Taking  S  D 

3  A'  =  one  mile  each,  then  will  ,i  \'  =  4<)   feet,  and    I  )  <t   = 

l'."i    feet,  and    the  angles   S  D  A'  and  S  A'   I)  heinir  cadi   >o  near   a 

riu-ht  anu'le  that  we   may  take  either  of  them  as  such.      Taking  the 

D  as  8    riirht    an^le.    S    I)  will   he  a  cosine,  and    I)  A'  a   sine, 

and  S  A'  will    he  a  radius. 

Then,  taking  radius  =  unity,  and  representing  it  hy  II.  we  have 
tlii>  anally,  cos.    :    sin.  ::   i!    :    tan.  =  -"  •    :  which,  in  practice,  will 

-  M  :  <I)a'  +  „  :   1!  :  tan.  A    SD=  (P  "J^  A/)  ; 

d  180°—  A    S  I)  =ASD; 

and    co]i>f(jucntly,    the    air.  D  =  C    in    the    (piadril, 

C  T  S  T.  (63) 
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Having  obtained  the  angles  S  and  C  in  the  quadrilateral,  we  will 
now  proovd  to  gIVQ  an  example  of  computation.  As  before  stated, 
(D  a  +  a  A)  =  D  A'  =  25  +  40  =  Go  feet,  and  S  D  =  528" ' 
feet  =  1  mile:  then,  we  have 

D  A'  =    65      feet        log.  =  1-8129134 
8  D    =    5280     "         log.    =  3-7226339 

C         =    0°  42f  19"     tan.  =  8-0902795 

We  take  the  angle  C  to  the  nearest  second ;  it  is  not  necessary 
that  we  should  be  more  exact. 

Then,  taking  the  distances  S  T  and  S  T  =  260  feet  each,  we 
ain  the   radius,  (in  our  computations  it  is  not  necessary   to 
know  the  radius,  and  we  merely  ascertain  it  this  time  as  a  matter 
of  curiosity  rather  than  use:)  to  find  which,  we  have 

Sin.  J  C  :  260  feet  : :  cos.  J  C  :  radius  =  cot.  J  C  260      (64) 

Thus,  260  log.  =  2-4149733 

J  C  =  00  21'  10"  cot.  =  2-2106159 

Radius  =s  42236  feet       log.  =  4-6255692 

We  have  thus  found  our  radius  =  r_'_'_v,  fret,  tin-  !ieiii£ 

very  acute,  (speaking  comparatively,)  it  becomes  MMMTJ  t«»  take 
the  distances  8  T  and  S  T  sum, -\\hat  »-reater  than  it  i<  our  habit. 
We  would  remark  h.-iv.  that  whatever  distance  we  assume  for  S  T, 
it  will  In-  found  convenient  that  it  should  di\ide  «-\en  by  the 
number  20,  becauHe  in  ...-tting  the  grade-i»in>  for  laying  do\vu  tin- 
rail-,  it  is  usual  to  place  them  20  feet  apart,  which  is  as  long  as 
we  can  oonvm, -ntly  have  the  gtraight-edged  board  used  as  a  guide 
in  placing  the  sleeper^  roper  height  or  grade. 

We  have  taken  S  T  =  .  which,  divided  by  20  feet,  will 
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i  divisions  upon  each  side  of  S;  consequently,  the  portion 
of  the  arc  spanned  by  one  of  these  divisions  will  be  equal  to-*^    • 

ia\e  demonst rated  in  section  (2)  that  the  angle  of  deflection 
is  equal  to  half  the  centre  angle,  spanned  by  the  chord  governing 
said  detection.  We  therefore  have  in  the  large  triangle  TCI,  the 
angle  at  T  =  90,  consequently  the  angle  at  1  is  equal  to  the 
complement  of  the  angle  C  ;  and  the  angle  C  =  *  T1^T>  =  -3  ^  10 
=  0°  01'  37"  -7 ;  hence  the  angle  at  1  =  89°  58'  22"  -30,  which 
is  common  to  the  triangles  TIC  and  T  1  a;  then,  in  the  triangle 
T  1  <i,  we  have  T  =  0°01</7//'70  =  0°  00'  48"  '85;  hence  the  angle 
at  a  will  be  equal  to  180°  —  (89°  58'  22"  -30+00-  48"  -85)  = 
90°  (XT  48" -80.  That  is,  the  angle  at  a  is  equal  to  90°  +  the 
angle  at  T ;  and  the  angle  5,  in  the  triangle  T  b  2,  will  also  be 
«|ual  to  90°  +  the  angle  at  T;  and  the  same  remark  will  apply  to 
the  triangles  T  c  3,  T  d  4,  etc.,  to  T  m  S. 

inir  thus  explained  the  method  of  deducing  the  angles,  ire 
find  the  nrdinates  <i  1,  //•_',  c  3,  etc.,  to  m  S,  by  the  following  formula. 
Taking  th«-  triangle  T  a  1  for  an  example,  and  making  use  of  the 
symbols  belonging  to  the  sain. .  we  ha\.  >in.  !K)°  +  T  :  T  1  ::  sin. 
T  :  a  1  ;  but,  since  th.  »()°  +  T  is  equal  to  the  cos.  T, 

formula  may  be  rendered  thus,  cos.  T  :  T   1   : :  sin.  T  I  a  1  =• 
tan.  T  X  T  1 

We  wish  to  remark,  that  in  the  in  \v-ti  Cation  above,  we  have 
considered  the  arc  T  m  T  and  the  tangent  lines  T  S  and  8  T 
of  equal  length;  consequently,  the  computed  nrdinates  \sill  be 
practically  the  same  as  if  they  were  perpendicular.^  t..  the  tangent 
line  T  S. 


will    now   sit.  'npntations.    that    tin-   formula. 

.1   not    in    tin  il    if    pp..                  far  a 

than  would   he   pn»il»le    to   praciUe   in 
laying  down   rail: 

Aj  a   teal    in  our  formula.   we   will   now  determine   the   length  of 
r.,inpare   tin-   same   with  the   tangent   linos 
8  T.     In  tin-  triangle  >  T  C,  we  have 

Mn.  C:ST  ::  cm  C  :  rad.  e=cot  r  x  S  T. 

presenting  S  T  1  v  f.  the  radius  in  seconds  l»y  /•".  and  the 
ani:l<-  (     in  second^   by  C",  and   the   radius  in   the   unit   of  measure 
.  and  the  length  of  the  curve  liv  t;  \ve  shall   have 


r"  :  r 

.  .    /        .                r.C 

.  :  t    .  c  =     r// 

"              col.  C  .  t  .  C" 

r" 

Thus, 

C     =  03  21'  00" 

cot.  =  2-.il' 

/       =     2(;<> 

log.  =  2-11 

C"  =  2540    " 

log.  =  3-4048337166 

r"  =         co.  ar.  log.  =  4-6855748668 


c      =    519- 90.!  1  fct-i          log.  =  2-7159978554 
2t   =    520 


Difference  =        0-0066 


We  find   thus,   that    the  an-  and   the   tangent    lines   a^ree    within 
which    is    a    little    larger    than     '    of   an    inch,   a 

JUU'M)  C?  10 

quantity  quite   too  small    to  he  coii>idered  an  error   in  laying  down 

a  railroad  -pecially    in  the  oi'dinates  where   the  error  in  the 

A  ill    he   reduced    in    the    proportion    the   length    of    radius 

io   the  ordinate,  which   can    never  amount    to  anytliin.n-  \\orth 

ally  when  we  consider  that  the  case  we  are  examining 

is  of  that   claflfl  whirh    produces  errors  greater  in  amount   than   the 

most  of  cases  which  come  under  consideration;  so  that   I   think  we 

may  be  warranted  in  pronouncing  our  formula  practically  exact. 
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1112:  investigated  tin'  necessary  formula,  we  will  now  proceed 
to  gi  imen  of  (.-alt-illation. 

W,'  have  found  in  the  foiv-roin.i:.  the  angle  T  in  the  triangle  T  a  I 
=  00'  48"  '85,  and  in  the  triangle  T  l>  '2  it  will  be  twice  that  amount, 
and  in  the  triangle  T  c  3  it  will  l»e  three  times  that  amount;  and  so 
on  to  the  centre  ordinate  m  S,  which  will  he  thirteen  times  the 
amount. 


ommcncing  with  T  a  1 

we  have    T 

=  00  00'  48"'85 

tan. 

=  6-3744395 

T  1 

=    20  feel 

log. 

=  1-3010300 

a  I 

=      0-00473663  feet 

log. 

=  7-6754695 

In  the  triangle    T  b  2 

we  have    T 

=  00  01'  37'-07 

tan. 

=  6-6754695 

T  2 

=    40  feet 

log. 

=  1-6020600 

b  2 

=      0-0189465  feet 

log. 

=  8-2775295 

In  the  triangle    T  e  3 

we  have    T 

•=  0°  cy  26"'55 

tan. 

=  6-8515608 

T  3 

=    60  feet 

log. 

=  1-7781513 

e  3 

=      0-042€297  feet 

log. 

=  8-t297121 

b  the  triangle    T  4  4 

we  have    T 

=  00  <W  15"-40 

tan. 

=  6-9764996 

T  4 

=    80  feet 

log. 

_  ]•  9030900 

d  4 

=      0  0757861  feet 

log. 

=  «•  8795896 

la  the  triangle    T  <   5 

we  have    T 

=  O^  04'  04"-25 

tan. 

=  7-0791007 

TS 

=  loo  feet 

lof 

«  5 

ss     0-  118415  tot 

log. 

=  9  0734U97 

ID  the  triangle     T/6 

we  have    T 

•  00  0-f  53"  01 

tan. 

=  7  152S910 

T  < 

in  ft* 

lot- 

=  2-0791818 

" 

•  i 

log. 

i*tmni 

la  the  (rtsngU     T  g  7 

w«  have    T 

ii  -'. 

(an. 

=  7-8195379 

T  7 

m  IM 

log. 

m  2  H«IWO 

t  7 

•      0  282C95  fet* 

log 

•  9M544M 
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In  the  triangle     T  A  8      we  hare    T  =s  0°  06'  30"-08  t.-m.  =  7  •. 

T  8  =1-  log. 

A  8  =  0-3031!,  log.  =  9 -i 

In  the  triangle     T  i  9      we  have    T  =0^  07'  19"-65  tan.  =  7-3286887 

T  9  =180  feet  log. 

I  9  =      0-383668  feet  log.  =  9*5839552 


In  the  triangle     T  j  10    we  have    T  =  0°  08'  08"-50  tan.  =  7 

T  10      =  .'  log.  =  2-:J(ilii:too 

j   10      =      0-473664  feet         log.  =  9 MI: 


In  the  triangle     T  A-  11     we  have    T  =  0°  OS'  f.T  tan.  =  7    l 

T  11      =  --  !••!:.   =  •_'•: 

A-    11       =      0-573UU  ffft  Ion.   =  9-7582559 


In  thr  triangle     T  /  12     wi-  have    T  =  0°  097  46"'20 

T  12      =  240  feet 

i..  t 


tan.  =  7    i 
log. 


In  the  triangle     T  ro  8     wr  It  =  0°  W  35" -05  tun.  = 

T  S       =  ->«  log.  =  2-  : 

frrl          Ic,-.   =  It  •  9038575 


\Vfliavc   UlOB  Computed    tlic  lliirtccn   onlinatcs   accoi'din^   to  tlic 

lonnula.      It  will  l>r  seen  that  the  first  single   in  the   triangle   T  a  \ 

i-  rak'-n   a  very   small   amount    too   larnv.  \\hicli   will    make  all   the 

anglefl  u-ed  sonn-thinM-  lari;v,  l.iit  not  sulliiMt-ntlv  so  as  to  practically 

alts. 


The   r,-a«»n  why  we  did    not    correct    the  angles   in    the  coin 

our  ojM-rati..!  'hat   \\  e    m;i\    !»•  cnahh-d    to  coinpare   tin-  results 

lined    h\    anutlier   method.    \\hi<-h    will    much   uhrid^v    the   work; 

and.  altlioiiu'h    not  >ti-i«-tly    a<-curate.  still    we  may  State,  as  we   have 

liefore.    re^jMvtiiiL;-    tin-    j.n-erdinu-     formula,    that     it     is    practically 

exact. 
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Tlu>  other  method  mav  "be  explained  thus.     Having  divided  tl.e 
line  T  S.  in  .1  suitable  number  of  parts,  which,  for  the  purpose  of 
comparing  with  our  previous  computations,  we  will  suppose  to  be 
thirteen,  of  'JO  feet  each  :  we  must  then  compute  the  first  ordinate, 
.  <i  1.  in   the  triangle  T  a   1.  which   we  call  y;   which,  however, 
in  the  present  case  will  be  needless,  as  we  have  it  already  computed. 
take  the  value  of  y  from  our  previous  computations, 
which  «..  will  need  no  comparison;   we  then  find   the   re- 

mainder of  the  ordinates,  62,  c  3,  d  4,  etc.,  to  m  S,  according  to 
.'ii  in  the  following  table. 


COLUMV 

or 
ORDIXATE*. 

EXPRESSION 
or 
FORMULJC. 

COMPUTED  RESULTS 
COMPUTED               BY  PREVIOUS  FORMCLX, 
RESULTS.                    FOR  COMPARISON. 

1. 

No.  2. 

No.  3. 

No.  4. 

No.  1   or  a 

1 

=       y          =   o 

•00473663  feet 

0 

•00473663 

feet 

I 

2 

=     22  y             =     0 

-01894652     H 

0 

•01894650 

M 

r 

,3 

=     3'y             =     0 

•042629G7     M 

0 

•0426297 

» 

4    " 

,1 

4 

=     42  y             =    0 

-07578608     " 

0 

-0757861 

U 

5    M 

' 

5 

=     5*y             =     0 

-11841575     " 

0 

•1184150 

" 

6    " 

f 

6 

=    6*  y            =    0 

-17051868     M 

0 

-1705180 

It 

'.' 

1 

=     7«  y            =    0 

•  23209487     " 

0 

.moiM 

8    a 

1 

8 

—    8«y            =    0 

•30314432     M 

0 

.M814I 

11 

9    a 

9 

=    9*  y            =    0 

0 

mm 

a 

10    u 

.) 

10 

=  10*  y            =    0 

'47366300    " 

0 

..J:.-.M-,J 

U    « 

| 

11 

—  11*  y            =    0 

0 

12    a 

/ 

12 

mm   I*  y                =      0 

-68207472    M 

0 

•682076 

rr, 

1 

—  13'  y             =     0 

... 

MMM 

EXPLANATION  OP  THE  TABLES.   The  first  column  c.mtnins   the 

arranged  in  imm.-ricjil  nnlrr.  fn-m    --no  to 

thirteen.     The  second  column  contains  tin-  n- •  pressing  tin- 

C 
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method  of  computation.     Tli  stains  tin-  resulting  com- 

put  th  column  contains  the  Mine  elements,  computed 

by;  :iiula,  which   is  placed  hen-  lor  tin-  purpov 

:itlv  comparing  tin-  results  of  the  two  methods. 

The  comparison  shows,  that  tin-  method  by  squares,  is  sufliciently 
accurate  tor  the  most  exact  work,  when  we  <-on>ider  we  can  only 
make  use  of  th.  •  -imals.  in  practice,  wliile  the 

hols  do  not  differ  at  all  in  the  tit'th  decimal.      I  iv;  may 

without  liesitation,  pronounce  the  rule  practically  e\ 

(t)J{)    In  applying  the  foregoing  results   to  practice,  doubtless 
different  engineers  will  pursue  dilleivnt  methods;  but,  a  conven 
ini'thnd  is   to  ascertain   the   total   heights   (as   they   are  generally 
call  -atinns   in  the  inclined  lines,  which   shall   correspond   to 

'ions  of  the  same  number,   belonging  to  the    vertical   cur 
.  adding  or  subtract!;:  mputcd  elements  of  the  cur\v 

length  of  ordinatcs,  cor  re-pond  ing   to  the  station  set  out  in    the 
inclined  lines,  accordingly  as  the  nature  of  the  case  requires. 

(54)  It  sometimes  happens  that  the  locating  stations  are  ob- 
literated, and  in  that  case,  the  position  of  the  angle  at  S,  (which  is 
main  starting  point,)  cannot  be  readily  found.     In  such  cases  the 
ineer  must  measure  a  portion  of  the  road  anew,  extending  the 
measurement  sufficiently  far  from  the  apex  or  point  S,  upon   both 
sides,  so  as  to  ascertain  the  grades  correctly.      Having  completed  the 
measurements,  and  marked  and  numbered  the  stations,  (which   are 
usually  fixed  one  hundred  feet  apart,)  and  determined  their  relative 
levels,  and  the  inclination  of  the  grades  which  govern  our  operations, 
we  proceed  to  ascertain  the  points  of  intersection. 
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it,  draw  the  line  k  k'  to  represent   a  level,  (See  Fig.  23  (a);) 

then.  dra\v  the  line  n  T,  at  an  angle  with  k  k  ',  equal  to  the  inclination 

of  the  grade  S  n.     Again,  through  the  point  S,  draw  the  line  n'  I  at 

an  angle  with  k  k'.  equal  to  the  inclination  of  the  grade  S  n.    From 

{>oint  n  let  tall  the  perpendicular  n  m;  and  also,  from  the  point 

n',  let  tall   the  perpendicular  n    f,  until  it  intersects  the  line  n  I  . 

}\.  from   the  intersection  of  n  I   with  n'   T,  draw  the  line  T  w 

allel  with  A"  k  ';  and.  from  the  intersection  of  n  I  with  n'  ?,  draw 

the  line  /  in'  parallel  with  k  k'  . 

It  will  now  be  ol  Vom  an  inspection  of  the  diagram,  that 

S  &  is  equal  to  the  grade  or  inclination  of  n  S;  and  tin- 
angle  k  S  /  i.-  rqual  to  the  »Tade  or  inclination  of  S  n.     And  it  will 
also  be  obvious  that  the  angle  n  S  k'  will  be  equal  to  the  grade  or 
inclination  S  n';  and  the  an.irle  k'  S  T  will  be  equal  to  the  grade 
or  inclination  S  n.     Then,  representing  by 
<L  the  distance  between  the  stations,  (usually  100  feet;) 
g,  tl.  in  height  -  U'tween  the  stations  in  grade  n  S; 

g',  "  "  "  "      n  S; 

n  and  n  ,  the  numbers  of  tin-  stations  at  the  points  th.-v  n  pi,-,  nt  : 
/*,  th-  H  //  ; 

A',  the 

d  :  g  ::  n  con'  :  nm; 
and  d  :  tf  ::  n«»n'  :  n  m' 


.   sulwtitutinff  p  for  n  m,  and  /  for  n'  m';  £  for  n  8, 

and  £  for  n'  S;  and,  sul"  .  (which  gives  tl 

/i  I  above  the  datum   line,  and  which  we  will   n 

;»'  I 

\\  \s«-  will  irj.n-sriit  l»y  o,)  we  have 


/  2'jaa 


71-12.152 


["Fid.     23(6).] 


1-1.153 
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g+g  :  d  ::  (K  —  d)  : 


(*'-oO. 


(69) 


Wo  will  sii])jK)se,  lor  an  example  of  calculation,  station  n  to  be 

n  u  in  bo  rod   10,  and  station  //'  to  l>o  numbered  *JO ;  h,  to  be  10'567 

..'  datum  lino,  and  //'  to  be  7*385  feet  above  the  datum 

lino:  //  to  l»r  n-;:,;:,  feet,  and  g  to  be  =  0*3787  ;  and  both  grades 

to  be  ascending  from  S:  with  (/  =  inn  feet.     Wo  then  have 


=  100  feet 
=  0-TV 


co.  ar.         log.  =  8-  0000000 
log.  =  9-8798886 


n  *»  n' 

n  m  - 
k 

p-k 


=  10  stations,  or  1000  fret 


log.  =  3 


log.  =  0-8793826 


*'  m' 
k' 


d 

k   -  9 


4 
k  — 


2-992 

=  100  feet  co 

=      0-3787  feel 

=  10  itatioM,  or  1000  feet 

7  feet 


log.  =  8- 

log.  =  9-5782953 

log.  =  3-0000000 


log.  =  o 


a  6-969 
K  6-1336 

=s  1-1362 
=  100  feet 
=  4-39:. 

•    a-aM 


\,,f.        • 


Having  thus  aac«  mceg  n  S,  and  n  S  =  <*  m 

if  we  now  tako  n  +  6=  the  numl..-!- ••!'  the  stati-.n.  iv|>iv.,.|itr.| 
by  8,  (the  point  of  the  interaction  <.f  tli«-  grades;)  tln-n  will  /*  —  £ 
•  the  same  number  S,  if  the  computations  be  correctly  prepared. 


MiL.fi. 

n      =  10  n'      —80 

j      =  6-1386  ,7      =  S-8664 


n  +  (J  =  16-1336  n'  —  d'  =  16"  1336 

\\ '«•  may  now  further  prove  our  work  hy  a-certainiiii;-  tin-  height 
of  tlif   j-  from    tin-   datum    line,    l>y   compiir'niir   the   desc 

froii;  J,  ami  from  n   t«.  S.      If  our  computations  are  correct,  the 

^hould   he   alike.      Thus,  we   have  //  —  ''.//  =  ihe   1. 
S  :  ami  h'  —  ti'.g'  =  height  . 


d 

= 

6-1336 

la* 

=  O'T 

r 

= 

0-7575 

=  9-.-: 

*.f 

= 

4-6462 

0-6670981 

A 

= 

10-567 

I 

- 

5-9208     above  datum  line. 

* 

= 

3-8664 

|Qf, 

=  0-5873068 

f 

= 

0-3787 

log. 

=  9-:'.T 

f       =   1-4642  o-n; 

A'  =     7 

lit  of  =    5-9208    above  datum  line. 

Having  thus  found    the  >tution   correspi  Hiding  to   tlie  intersecting 
point  of  tlie  and    its    n-l.-.tivc  height,  the   i.  stations 

for  laying  down    the  vertical   curves  can    he    readily   prepared,   and 
the   work    can   he   proceeded    with    in   the   manner   set    forth    in   the 

ling. 

To   m:ik«'    the   formula  just    enunciated  applicahle    to  e 
\\ouhl   reijiii:  .il  modilicat  ions  :    we   shall,   however,  only    vjve 

One,  helievin  ic   iiiMvnuity  of  the  reader  will    readily  supply 

whatever  may  he  deficient. 

The   eaae    ire    prop  alien    we    have    one    urade   de- 
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scending  say  0'800  feet  per  100  feet,  which  will  intersect  another 
descending  grade  of  0*400  feet  per  100  feet. 

To  describe  the  construction  of  a  figure  applicable  to  this  case  we 
have  only  to  copy  verbatim  the  description  of  Fig.  23  (a);  we  there- 
to that  description  as  a  substitute. 

After  havinir  constructed  the  figure,  it  will  be  obvious  that  we 
have  but  few  modifications  to  make  in  the  formula  already  given ; 
bin.  >hould  not  be  fully  understood,  we  repeat  our  former 

formula,  with  the  necessary  modifications.     Thus  we  have 

d  : g  ::  n  <*>  ri  :  n  m;  and  d  :  g   : :  n  <^>  ri  :  ri  m'     (70) 

Then,  as  before,  substituting  p  for  n  m,  and  p  for  ri  m ;  &  for 
n  S,  and  £  for  n  S ;  and  then,  subtracting  p  from  A,  we  get  the 
height  of  m  I'  above  the  datum  line,  (which  height  we  represent  by 
d ;)  and  then,  by  adding  p  to  h'  we  obtain  the  height  of  m'  I  above 
the  datum  line.  < which  height  we  represent  by  o.)  We  then  have 

g  <s*  <f  :  d  ::  h  —  o :  6 
and  g  ~»  g  :  d  : :  h'  —  o  :  <T  (71) 

EXAMPLE     OF     COMPUTATION. 

,7=100  '  —  0-800  /   =  OM'  and  ti  = 

,/  =  -JO;  /,'=  1  h'  =  8-284.     We  then  have 

Firstly.  <7  :  ,/  : :  n  <*  ri 
Secondly.  </  •.(/::  n  *s>  ri 


4 

g  m      0  WO  Uti 

•  ~»  n'        m  M 

n'mmf 
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Secondly,        d  =  100  feet 

g>  =     0-KHi 

n  eo  n'  =10  station*,  or  1000  feet 

*'  m  =  f  —     4-00  feet 

A  =  ]J 

p  =    8-000 

0»  —  A)  =  o'  =     4-458 
A'  =    8-294 


(*'—  09  =    3-782 

we 

g  cs* g   :  d  II  h  —  o  .*  £ : 
and  g  wg   :  d  ::  h'  —  o  I  5  (71) 

"  ^    =      0-400  co.  ar.        log.  =  0-3979400 

d  =100  feet  log.  =  2-0000000 

A  —  0      =      0-218  feet  log.  =  9-3384565 


A  =  0-545  stations,  or  54-5  feet  log.  =  1-7363965 

g  09  g*  =      0-400  nr.        log.  =s  0-3979400 

d  =  100  feet  U*.  =  2-0000000 

k'  —of  =     3-7W  feet  log.  =  0  .17 

rV  =      945  5  feet,  or  9-455  lUdOM  log.  =  2*9756615 


(56)    V>  i<l«'  mir   r«-!ii:irk-   II]MUI    t  ni.-kl:i\  in-.: 

for    tin-    rn|||]Mlt:ilio||     nf    rl.-nirli1  '\\\\^    mil 

boards  or  |»a!t««rn>   fm-  h.-inlin  t    tlir   Imri/.ontnl 


jirinrijil..,  nf  mir   j-n-sriit    fnnnula   aro  baaed  uj^m  a  chord 
•iiial    in    Imtrtli    14,   tin-  lnii«rrst   raiU.  IwiiiLT  <livi<l«'d    int.. 
•  ••jual   iipaoes  or  abscissa;   ami    thru   ascertain  in-  <!)*•    1-n-jt 

-••*|Miiulini:   nnlinai«-«    \vlii.-li    ^liall    r\t.  n.l    th.-r.-fmin    f«.   tin- 
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periphery  or  curve.  Calculations  based  upon  strict  formula,  being 
somewhat  lengthy,  will  require  considerable  time  ami  labor  to 
perform  them.  Tin-  engineer  being  frequently  called  upon 
in  great  haste,  tin*  elements  lor  making  a  pattern  to  guide  the 
tra.-klayer  in  curving  his  rails,  it  becomes  desirable  to  obtain  a 
formula  as  short  ami  convenient  as  practicable. 

M  considerations  have  led  to  the  ado])tioii  of  the  following 
formula,  which,  though  not  strictly  correct,  is  nevertheless  as 
accurate  as  mechanical  skill  requires. 

By  way  of  explanation,  suppose  it  desirable  to  form  a  pattern  for 
bending  rails  of  twenty  feet  in  length,  it  will  he  found  convenient 
to  divide  the  chord  into  equal  parts  of  one  foot  each. 

I-' nun  an  examination  of  the  sketch,  it  will  be  obvious  that  one 
of  these  divisions  will  bisect  both  the  chord  and  the  arc,  and  that 
the  parts  thus  bisected  will  be  similar  and  equal;  therefore,  the 
computations  made  for  the  one  part  will  apply  to  the  other. 

To  proceed  to  the  investigation,  we  first  ascertain  the  angle  at 
the  centre  of  the  curve  spanned  by  an  absciss  at  the  periphery  of 
one  foot. 

Representing  this  angle  by  C ;  the  absciss  by  a;  the  onlinate 
corresponding  to  No.  l,by#;  and  the  radius  of  the  curre  by  r; 
then,  by  considering  r  a  cosine;  and  the  absciss  a,  which  spans  the 
arc,  a  sine ;  we  have  the  following  analogy, 

COB.  :  sin.  : :  R  :  tan.  C ; 

which,  by  substituting  for  the  cosine  its  value  =  r;  and,  for  the 
>im-,  its  value  =  a  =  unity  ;  we  then  have 


CURVING      BOARDS. 


;.  C  =   '  -  and  cos.  J  C  :  a  ::  sin.  i  C  :  y  =  tan.  i  C  .  a  = 
tan.  |  CT  .  1  :    it   is  now  obvious  that  -|~=jr=—  L  ;  wherefore, 


'i-minir  tlu«  computations  indicated,  by  logarithms,  we  have 
log.  y  =  (ar.  co.  log.  r  +  ar.  co.  log.  2.) 

It  will  be  seen  by  the  above  expression  that  we  have  considered 

tin*  arc  and  the  tangent  of  the  same  length,  which  will  be  found 

sufficient  ly  exact  for  every  practical  purpose,  and  that  the  onlinate 

hy  y=  1  a,  as  represented  in  the  figure.     To  find  Hie 

remainder  of  the  ordinates  we  have,  tor  ordinate 

No.  2  =  6  2  =  2*  y 

3  =  c  3  =  32  y 

4  =  d  4  =  42  y 

5  —  e  5  =  5-  y 

.   t.»  tin-  number  of  ordinates   contained   in   half   the   chord  or 
tangent  line. 


•h.-  purpose  of  ttstinir  th.  icy  of  the  formula 

UK!  above,  it  may  be  necessary  to  obtain  from  strict  com- 

itions   the   ordinate    I)  d  =  (10)    (10.)     This    ordinate   will 

correspond  to  10s  y,  or  i  '<>t  ordiuat«-  ..mj»utation. 

and  will  contain  n  greater  error  than  an\    one  of  tho  others. 

'X  OF  EXACT  FORMI  i.\      I  repre-enl  the  radius  of 

!  thetableu;  JcAthe  half  of  the  chord  \  \\  . 
.0  angle  D  C  B  ;  then  will  r  :  H  :  :  |  ch  :  sin.  C  —  ±~-  ;  and 
Cos.  i  C  :  i  rA  :  :  sin.  i  C  :  D  d—  Un.  i  C  .  i  cA 


i   I.     i  "  i;  M 


which    e\i»iv>Mon  COW                   t.»    tin-     -rmtt-f     ordinate    of    the 

Calculations;   and  which,  in    tin-  jn-actiral    examples    \\e    .-liali 

will   l>e   ivjnv>eiited   1.;.  that  tin-  difference  hetween  the 

ordinate  found   1>\  tii--   •                -mnla  and    !<>-//  \\jll  constitute   the 

Kxanijii-  citation,  aivordinu'  to  the  approximate   forninla, 

As^uniiiiLi1  /'  —  b;  jj  rh  =  infect:  and  a  =  1   tout  :  \\v  >hall 
thru  i 


r      = 
•2       = 

co.  nr.         log.  3 
ru.  ar.        log.  =  9  '6989700 

y      =      0-00166 

Having  found 

=     a 

1 

=       y 

we  1 

L>     =     /, 

2 

=    ^  y 

=     O-Oi" 

=     c 

=    n-  y 

=    0-01  ; 

4     =     d 

4 

-     4-^ 

=     o.o_ 

=    e 

5 

=     ">J  !l 

=     o.o; 

6     =    / 

=     <-.'/ 

=     (i.n 

'     =    3 

7 

=   r-y 

=     0-0816666 

8     =     h 

B 

= 

=    0*104 

=     i 

i) 

=   !)J.v 

=    <M;;r.i(.i'.i'.i 

10      =     j 

10 

=  i. 

=    0*161 

Miplr  of  Computation  of  the  greatest  ordinate.  accordin--  to 
bheezaci  formula,  u  a  test  lo  the  al.o\c,  vi/..  lt\  fonnnhe  (78)  and 
(71..  We  havr 

sin.  ('  =  and  tan.  '  C.  '  <•/>  =  D  '/  =  in  .  ID 


r 

4  ck     =    i- 


i.e.  =  ; 

I..".  =  1'0(M)0000 


§in.  =  E 
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i  C        =0°  57'  18"-883  tan.  =  8-2219693 

i  ck       =  H.  1 


D  d       =  (10)  .  (10)  =  0-16671  feet  9-2219693 

10*  y     =  0-16666 


I-OM6 


It  will  be  seen,  by  comparing  i>  •/,  with   1C2  y,  that  the  errors  of 

the  approximate  formula  arc  too  small  to  be  noted  in   the  practical 
operations  of  curving  rails. 

It  will  be  noticed  that  the  above  ordinates  extend  from  the 
taiiHvnt  line  D  In.  I)  lo'.to  the  curve  A  B  D.  It  fiv<jiient1y 
happens  that  it  will  be  more  convenient  to  set  out  the  curve 

0  the  chord  line  A  d  B,  which  line  may  he  readily  ited 

upon  tile  pattern  hoard  by  straining  a  small  string  or  wire  from 

to  B.  To  prepare  onlinates  to  be  thus  used.  \\e  subtract  the 
:iates  found  successively  from  the  giefttesi  "rdinate,  (which,  in 
our  example,  is  =  ](f  y.)  Thus, 


102  y 

—           0 

—       y 

=    D  d 

=     a     I' 

=     0- 
=     0- 

1666666 

1  C,.M  X  KM) 

10"'  y 

—   &y 

=     6 

2' 

=     0- 

IfiOOOM 

10*, 

-    3'y 

=s      C 

3' 

=   o. 

IftlfMI 

10«, 

^"     4^  v 

=     r/ 

4' 

SB        0. 

l«  

10«f 

-  **y 

=     e 

5' 

1     (1. 

UHNWN 

10*  j 

-    *9 

=    / 

6' 

=    o. 

LOtMM 

I"  , 

-    'fly 

=    9 

7' 

=    o. 

0851111 

10«f 

—    ««jf 

=    A 

8' 

—     0- 

mom 

10*  , 

-    *9 

-=     i 

9' 

•»   o. 

miiN 

1  "      / 

—  10*  y 

••   j 

=      0- 

IOOOOOQ 

M'lild    remark,   that   all   cur\«-- 
of  a  lew  radios  than  8000  fecit,  prov  y  arc  laid  wiih  rails 
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:itv-<>ne  feet  in  length,  should  be  curved  :  and  a  board  prepared 
as  a  pattern  will  facilitate,  and  add  l»«»th  t«>  the  convenience  and 
accuracy  of  tin-  opi-rar 

(57)   It    frequently    becomes    necessary    for  the  engineer  to 

ascertain  the  radius  of  a  small  part  of  a  curve  in  a  railroad  track: 
as,  for  example,  when  called  upon  to  lav  down  a  side  track,  a 
turnout,  or  to  connect  a  hranch  road  with  a  curve,  the  radius  of 
which  is  unknown.  Many  formula  may  he  deduced  for  the  solution 
iis  problem,  each  possessing  nearly  equal  convenience:  we  shall, 
however,  limit  our  investigations  to  some  two  or  three  of  those  in 
common  use. 

Let  T'  A  T  represent  a  portion  of  a  curve,  the  radius  of  which  it 
is  desirable  to  ascertain.  AVe  measure  the  chords  A  T  and  A  T, 
each  of  the  same  length,  which  we  represent  hy  <•;  then  ascertain 
the  point  1>  in  the  middle  of  the  clmnl  T'  T:  and  measure  the 
ordinate  A  U,  which  we  re]>re>ent  hy  I.  Then,  representing  the 
radius  of  the  cur\<-  hy  /•;  and  the  ratlins  of  the  tahles  hy  1!  :  we 
ha\e.  in  the  triangle  A  \\  '\' ,  <•  :  II  :  :  />  :  cos.  A  =  *  ;  and 

(.,,  .\:l,::  It  :  r  =  ci'A  =    'f  (-) 

l-'i>r  an  example  of  computat ion,  we  will  suppose  <•  =  loo  feet; 
and  /,  =  B  feet  Tlien. 

c»  =  100»  •  4-0000000 

b  =   8  •  9-0969100 

In,-.  =9- 


ff«-i  log.  =  2-7958800 


A-ain.  let    'I  present,  as    before,  a  portion    of  a  curve,  the 

radius  of   which    we    de-ire    to    ascertain  :    lot    the   chord    1"    T   be 
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represented  by  a;  and  let  a  =  199-359  feet;   and  6=8  feet  : 

as   above.     Wo  then,  1>\    dividing   a   by  2,  have  in  the   triangle 

A  B  T,  (taking  b  as  a  cosine,  and  $  a  as  a  sine,)  the  following 
analogy, 

Cos.  :  sin.  : :  R  :  tan.  A  =  -^-  (7i,) 
Thru.  Sin.  A  :  J  a  ::  R  :  c  =^~ r 


EXAMPLE     OF     CALCULATION, 
i  a      =  99-6795 

»         =    8  co.  ar. 
A         =a5024'to'-17 

A         =85024/«"-17  co.  ar. 

A        =  co.  ar. 

2  co.  ar. 
i  a      =    99-6795 

r         =625  feet  radius 

Again,  let   TAT    represent    the   segment  <>f  the  curve  whose 
racli  -iivd.  and  the  half  chord  T  B  =  a;   the  ordin 

=  6;  and  the  chord  T  A  =r;   and  the  diameter   A  I)  =  <7;   tlie 
radius  =  r.     We    here   remark,   that    the   an^le   A    i>    commiin    in 
:igle  TAB,  and    the   tri.-in-leT  A   I>:   and  the  an-le    I1,   in 
:ii;le  T  \\  A,  and    the  nil"!.-  T    in   the   trian-le    hi      \    . 
each  a  right  angle;  consequent  1\ .  tin-  t\\..  tri.-m^les  are  >imilar. 

Wr     llou     lia\e 


and  b  :  c  ::  c  :  d  =       =    -          —  -     +  b  =  :»  r 

MPLE  OF  COM  lx»ta=«99'(  ;&wH 
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o«          =  99-6795*  feet  loff.  =r  3-9972118 

b           =    8  feet  co.  ar.        log.  =  9  0969100 

l-'IJ  log.  =  3-0941818 
+  »     =          8 


g 11350 


We  have  here  thus  endeavored  to  apply  the  same  elements  in 
each  of  our  examples  of  computations,  by  way  of  testing  the 
<li tic- rout  methods,  and  we  find  each  of  them  to  give  the  same 

'is. 

(58)  Before  wo  take  our  final  leave  of  railroad  tracks,  we  \\ill 
add  a  formula  for  elevating  the  outside  rail  of  cur\  ract 

what  we  shall  say  upon  the  subject  from  Article  XV.  of  the  •_'•_' d 
voL  of  the  American  Journal  of  Science,  1832. 

The  article  was  written  by  J.  Thompson,  (Knu-imvr.  and  late  Pro- 
fessor of  Mathematics  in  the  University  of  Nashville  Tenn..»  and 
commences  with  a  discussion  of  a  formula  given  in  Colonel  Long's 
work  on  railroads,  which  he  shows  to  be  erroneous.  With  this 
critici-ni  it  is  not  our  intention  to  meddle:  but.  as  Mr.  Th..iii|»-.u 
has,  in  the  course  of  his  r--niai-k>.  devclojx-d  :,  convenient  and  an 
accurate  formula,  wo  shall  endeavor  to  extract  only  *o  much  as 
may  seem  to  be  connect  <l  \\ith  it- explanation. 


MULJE. 

\    1'.    represent  a  horizontal  surface  nn  which  a  rail\\a\   is 

ted  :     \  ainl   1>  the  rails   placed  in  a  circular  curve  amum!  C  as 

litre,       A  car  moving  over  the  rails  A    and  11,  around   the  centre 

bed   upon  hy  t\\o  forces,  one  horizontal  and  centrifugal. 

iV.iin   tlie  motion  of  the  car  in  a  curved   line,  and   acting  in 

a  direction  from  the  centre  (':  the  other,  the  for  avity.  ad 

ical  direction.      I  omit  here,  as  not  accessary  in  the  piv><-nt 
force  derived  from  animal  or  other  power 
ion  of  a  tan»vnt  to  the  curve.      Let  tlie  horizontal 
line  A   K    represent  the  centrifugal    force  ahove   mentioned,  and  the 
line    K   A    the    force  of  ^,-nivitv.      It    is  evident   that    the  resultant 
will   he    K    K,   which    will    represent   hoth   the 
and    tlie   Jir<;-ti«D  of  the   pressure  of  the    loaded  car  upon 
rails.      Tin'  line    K  K,   therefore,   representing  the  direction   of 
.  the  rails  should  he  so  placed  that  this  line  mav  he  perpen- 
dicular to  the  plane  p;i->inir  through  them.      J)rtnv  the  \crtical   line 
B  D,  ami  through  A  draw  A  I),  perpendicular  to  K  K:  \\  D  will  he 

the  elevation  of  th«'  •  rail   ahove   the  interior,  and    the  ai 

I)   A   B  will    1>  •   t]i»-    inclination   of    the    plane   of    the   rails    to   the 
horizon.      Tin-  centrifugal    force  A    K.  compared  with   the   ion 

••iiml.  when   the  radius  of  curvature  of  the 
&  and  the  velocity  of  the  car  are  ^iven.      The  distance  hetv 
the  i    the    middle  of  the    track,    may    he  couriered    as 

'inple    alirehraic   expression    for    the 

r    rail.       Let   </  =  force  of  gravity  :  c  = 

brce;  «/  =•  <li>?ance  he t ween  the  rails:  and  M  =  i-e<|uired 

:    II  and  V  rep)-'  radius  and  velocity.      Then,  hy  the 

:lar   trial  \    K    and    A    15    \l   \ve   hav<-    K=    r*  ;  hut,  hy 


ELEVATING      OUTSIDE      RAIL      FOR      CURV  163 

eentral  =    \,   :  hence,  E  =    ^    in  this  ezpl  //  is 

always  a  constant  quantity,  and  equal  to  82'2  I 

M  It*  tli.'  veU-ity  of  a  car  on  a  railway  were  always  the  same,  we 
should  have  no  difficulty  in  assigning  the  proper  elevation  of 

rior  rail.     But.  a>   there  must  be  necessarily  a  great  variety  in 
-  of  travelling,  an  elevation  for  a  rate  of  twenty  miles  per  hour 
M  he  much  too  n-ivat  tor  a  rate  of  eight,  twelve,  or  fifteen  miles 
per  hour.      Perhaps    the    elevation    required  l»y    t:. 
would  !•••  mo-t  eligible.       There  is  one  view  of  the  suhject.  how. 
whieh  01  be   taken   into  consideration   in  the  location  of  the 

rail.      When   a  car  moves  with  great   velocity  on   a   601 
road,  and  the  planes  of  the   raiN   are   horizontal,  the  flange  "f  tin* 

wheel   on   the  exterior  rail    is  exposed  to   ver\    i:ivat    t'ri. 
which   0]  -   a   retarding  force,  and    injures  hoth   the  car  and 

tlie    railway  :    this    friction    is  diminished,    though    not    altogether 
:••  exterior  rail  the  elevation  which  the  velocii y 

and  ;  In  order  to  reduce  the  friction  still  further,  or 

OVe   it  altogether,  it  would    perhaps   he  advisahle  to   increase  by 
a  small   quantity  the  elevation   obtained   a-   above.-;-      I 
that  a  car  moving  on  the  incliix-d   plan--    A   I ).  will  t«-iul  b\ 
weight  to  approaeh   A.  and    n-c.-.l,-   from    l>:   tlii-    \\ill   oppo.,.- 

by  which   the  t!a  -essed  against  the   rail    I  >. 

-vill  he   b  Or  in   part  r-  I    know- 

it  ha-   b-eii    maintained    •  tlanuv  of  the   hind   wheel  on    the 

produces  as  muc1  as  the  ilanLr<-  of  t],, 

•  It  hu  bMM  UM  practin  of  UM  Mrtter  of  UM  fcMjoi^  p»p*m  to  «tevmt«  Ura  ctirrior  rail  to  wit 
tW  HH>M>  Tdodir  wltk  wkicb  UM  n«aUr  trmlM  w  NppoMd  to  run  ow  UM  mnrr .    At  UM  j 
ttae  we  •boakl  MH  think  thirt y4lT«  nOM  UM>  bow  too  frwU    «  •  prodoe*  grw 

apoa  tkc  oxwrtar  r«U,  sad  «ra  mor*  Usbw  to  •ortJoBt  tkn  NOW  tntnc. 


t  It  hM  OOM  tkt  WMCte*  of  tlM  laUrar  to  ood  OM  fowtk  of  Mlnek  to  UM  oowipMol 
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fore  wheel.  It  may,  however,  be  shown,  from  various  considerations, 
that  it'  either  of  the  himl  wheels  produces  friction,  it  is  rather  the 
:-ior  one:  in.;.  .  may  suiijH.se  that  motion  is  communicated 
to  the  hind  wheels  l>y  a  t'oree  \\hich  actv  precisely  in  the  same 
direction  as  if  the\  ireJTO  moved  hy  animal  pouer.  the  direction 
l>einir  nearly  a  tangent  to  the  curve.  This  heini;-  admitted,  the 
flanges  of  the  two  exterior  wheels  sustain  all  the  friction  occasioned 
hy  curvature.  It  may  he  observed,  however,  that  when  the  di-tance 
•  and  the  hind  wheels  is  comparatively  \ery  -rival, 
the  direction  of  the  force  moving  the  hind  wheels  will  vary  con- 
siderably from  the  tangent,  and  consequently  the  friction  \\ill  he 
diminished."  ° 

*  Although  we  agree  with  Mr.  Thompson  in  the  main,  we  do  not  fully  agree  with  his  concluding 
remark*.    Mr.  Thompson  says,  "  It  may,  however,  be  shown,  from  various  considerations,  that  if 
either  of  the  hind  wheels  produces  friction,  it  is  rather  the  exterior  OIK  -.  in.!<  e.l,  \ve  may  utippe 
motion  is  communicated  to  the  hind  wheels  by  a  force  which  acts  precisely  in  the  same  direction  as 
if  they  were  moved  by  animal  power,  the  direction  being  nearly  a  tangent  to  tin  curve.    This  being 
admitted,  the  flanges  of  the  two  exterior  wheels  sustain  all  the  friction  occasioned  by  tin-  curvature. 
It  may  be  further  observed,  however,  that  when  the  distance  between  the  fore  and  hind  wh. 
comparatively  very  great,  the  direction  of  the  force  moving  the  hind  wheels  will  vary  consid. 
from  the  tangent,  and  consequently  thr  friction  will  be  diminished." 

zoning  of  Mr.  Thompson,  doubtless  was  applicable  to  car*  sustained  upon  t\v() 

":,!\,  on.  iixle  being  situated  near  tin  forward  end  of  the  car,  nnd  the  other  i 

or  hind  end.     Now,  if  the  car  be  short,  the  axles  must  of  course  be  near  each  other;  in  this  condition, 
the  flanges  of  both  the  forward  and  hind  wheels  may  grind  the  exterior  rail,  the  forward  win 
course  grinding  much  the  hardest.     A  distance,  however,  bctwei n  the  axle?,  ran  he  readily  ascertained 
will  relieve  th.-  hind  wheels   from  the   friction  of  the   flanges  again*!   either  the   interior  or 
•  r  mil ;  then,  expanding  the  dintance  between  the  axles,  the  lbniL'e»  of  the  hind  wheel  will  begin 
to  grind  agninst  the  interior  rail,  and  thr  greater  the  distances  between  the  axles  the  greater  will  he 
the  fnrin.n.      I  would  observe,  however,  that  the  forward  wheel  flange  will,  under  all  distances 
between  the  ••  rii.r  mil,  and  will  grind   more  and  more  sever.  I \  in   proportion 

as  the  distance  between  •  I  iirse  notion*  arc  based  upon  tin   condition  that  the  axle* 

are  Hrmlv   and  permanently  secured  to  the  car,  and  at  right  angles  with  its  frame.     We  might  • 
demonstrate  the  position  we  have  here  taken  hy  diagram*  if  it  were  thought  ne<  essnry,  but  the  . 
produr.  d  bv  the  adaptation  of  whut  WP  term  ''.u,  .v.h.  <  I  in:-  k-  ".  ..ut  I'-nr 
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We  have  thus  copied  Mr.  Thompson's  article,  with  his  remarks, 

only  tlu-  portion  ivlating  to  Mr.  Long's  formula. 


MPLE  OF  COMPUTATION.    Assuming  a  radius,  R  =  4<XX> 
and  a  velocity  of  35  miles  per  hour:   .!">  miles  per  hour  =  V  = 
51*33  feet  per  second  of  time:  the  \\idth  between  the  rails  being  «= 

ds=  4-7  feet. 

l-Wmiila  E  =    dRV 

R    =  4000  feet 
g     =      82-2 

v»  -    sFw* 

d     =       4-7 
E     =        0-09615 

Again,  for  the  purpose  of  showing  the  rhan«r«-<  «>t'  K.  consequent 
upon   the  rlianires   of  R,  we   assume   R   =  ijooo   ir,-t:    th.-    other 
Cessions  remaining  the  same.     Thus, 

R  =;  2000  feet  co.  ar.        log.  =  6-6989700 

g  =    *32-2  co.  ar.        log.  =  8-4981441 

\  _z      51-8S*  log.  =  3  4207990 

d  =        4-7  log.  =  0-6790979 

E    a        0-1923  feet  log.  =«  9-H-40110 

We  beliere  we   have   in    the    foregoing  pnges  exainiiinl 

irvr    that    enters   into    t1  -nction    of  a 

railmad.      W«-  w.-n-  aware,   a^    ue    jiroeeedro!    in  «>Mr  in 


with  ihr  radii  of  the  mrr*,  by  the  fhrc« 
rmder  Midi  MI  «»<i«rtaH«i  ••••Piany, 
rrwilly  udopCtaf  UMM.    BM,  It  to  BM  <MT 
ofr«r». 


,.     I  V.       „'.,..  .      ,          -  .     ; 
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that  many  modifications  of  tin-  formula  \\e  have  deduced  would 
frequently  IK-  called  tor;  hut.  as  we  ha\e  before  stated,  it  has  nut 
been  our  intention  to  exhaust  the  subject,  hut  merely  to  jjive  a 
formula  tor  the  most  prominent  of  each  class,  or  rather  for  that 
class  which  mo<t  frequently  present  themselves  to  the  engineer 
whiU»  engaged  in  construction. 

\\".    contemplated,  when    we  commenced  our  work,    closing  our 

paper    here:    hut   it    has    occurred   to    us,   that    the    inexperienced 

f   m  y  it    feel   the    want  of  some  convenient   plan  or  system 

of  computing  the  cuhic  contents  of  excavations   and  embankments. 

1-W  tin-  purpose  of  supplying  those  wants,  we  add  the  following. 

An  investigation  of  formula;  for  the  computation  of  the  cubic 
contents  of  earth,  excavations,  embankments,  masonry,  etc.,  in 
constructing  railroads. 

(59)   An  article  quoted  from  Silliman'  9  Journal,  ty  Prof' 

:.   ||    f..lh>ws:    that    whereas   the  sections   into 

which  the  engineer  would  divide  the   excavations   upon   a  railroad, 
lily  admit  of  heiu«r  subdivided  into  pyramids,  wedges,  and  paral- 

;  therefore,  if  you  add  the  area  of  both  ends  of  the 
,  to  four  times   its   middle    area,  divide   the   sum  by  six.  and 
multiply    the  quotient  by   the  length  of   the  section,   the   product 
will  give  its  solid  contents. 


pmhleni  can  be  readily  demonstrated  to  be  strictly  correct. 
provided  the  sides  of  the  section  are  perfect  planes.  Jt  is  tin- 
constant  endeavor  of  <-MT\  -kilful  engineer  so  to  arrange  tin- 
sections  that,  \\.-re  the  irregularities  of  th<-  earth  to  be  pared  down. 
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so  as  to  produce  regular  planes  between  the  points  which  he  has 
chosen  to  take  his  levels  at,  the  solid  contents  of  the  earth  con- 
tained in  the  section  would  be  just  sufficient  to  fill  the  hollows, 
and  make  the  surfaces  planes  between  them. 

(60)  lu    Professor    Eaton's   enunciation   of    the   rule   above 
quoted,  I  did  not  discover  any  method  of  ascertaining  the  middle 

I  of  tin-  section  :  it  beiu«r  evident  that  an  arithmetical  mean  of 
tlu»  areas  of  the  ends  of  the  sir t ion  would  not  uniformly  produce 
result.  To  supply  this  deficiency  in  the  formula  is  the 
main  <»l»ject  of  the  present  paper;  but,  as  the  original  formula  may 
not  he  within  the  reach  of  every  individual  who  may  feel  interested 
in  seeing  an  in  ventilation  and  demonstration  of  it,  we  have  thought 
a  brief  investigation  might  not  be  out  of  place ;  besides,  it  will 
aid  nineh  in  rendering  the  subject  more  plain  and  intelligible.  I 
shall,  however,  take  it  for  granted  that  the  interested  reader  will 
know  enough  of  geometry  to  be  familiar  with  t lie  common  formulffifor 
measuring  the  solid  contents  of  pyramids,  parallelepipeds,  wedges, 
and  surfaces  of  the  cross  sections  of  the  e\.  avations  of  a  railroad; 
we  shall,  therefore,  only  allude  to  the  most  common  formul.-e  for 

Curing  solids  and  8ii]x  rticies,  as  we  may  have  occasion  to 
compare  them  with  the  formula  to  be  deduced. 

Commencing  with  the  pyramid. 

(61)  According  to  the  rule,  we  have  to  add  the  area  of  llio 
base  <>f  tin-  pyramid    t<>  f»nr   tim«--   the*  area  of  \^   middle  see; 

irail.  1  uith  said  haw.  •  di\id«-  the  sum  md  multiply 

bl   «.f  tin-    pyramid:    the    product   will    give 

its  solid  content*. 


[Fio.     26  (i).] 

THE    PYKAMID. 


[Fio.     26(2).] 

THB    WBDGB. 
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For  the  purpose  of  proof,  or  demonstration,  let  us  suppose  a 
pyramid  of  four  sides,  Fig.  1,  the  angles  of  its  base  being  right 
angles,  and  the  lines  circumscribing  said  base  of  equal  length, 
which  length  we  represent  by  a;  it  is  evident  that  the  lines  which 
circumsmbe  the  middle  section  of  said  pyramid  (taken  parallel  witli 
said  base)  will  be  equal  to  J  a;  if  then  we  represent  the  height  by 
A,  we  have  for  the  area  of  the  base  a  X  a  =  a2;  for  the  area  of 
the  middle  section  iaXia  =  Ja2;  then,  by  the  rule,  (0>+6*°M)  h 
—  =  £  a3  h  =  the  solid  contents ;  which  corresponds  exactly 
with  the  formula  in  common  use  (1.) 

This  equation  shows  the  area  of  the  middle  section  of  a  pyramid 
to  be  one  fourth  of  the  area  of  the  base ;  and  this  proposition  is 
universal  and  equally  correct  in  every  species  of  pyramid,  whether 
it  be  three,  four,  or  many-sided,  regular  or  irregular. 

Secondly,  the  wedge. 

(  62  )  We  next  apply  the  rule  to  the  measurement  of  the  v 
Let  us  now  suppose  a  regular  or  symmetrical  ued-e.  with  a  base 
circumscribed  by  lines  of  equal  length,  which  we  represent  by  a;  it 
is  obvious  that  of  the  lines  which  circumscribe  the  middle  section  of 
the  wedge,  (taken  parallel  with  the  base,)  two  of  them  \\ill  equal 
a;  and  the  other  two  will  equal  J  a.  Then,  making,  as  before,  h 
equal  the  height,  or  length  ;  by  the  rule. 

For  the  area  of  the  base    a  X  a  =  a*; 
For  middle  section      a  X  J  a  =  J  a*. 

*'  +f»  •'  4  ) h=     l;'-*-  =  i  a'  h  =  the  solid  content*; 
which  corresponds  with  t'  U  in  .•..HIIMI.H  DM  I'-r  d-  t. -miming 

tli«-  -.lid  OOOtOitfl  of  tin-  wed- 
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l-'roiu  thi>  equation  \\e  learn,  that  tin-  area  of  tin-  middle  & 
is  equal  to  one  halt'  the  arm  of  tin-  ha*e.      Uv  cu'.tin^  the  wedge 
into  pyramids  we  may  compute  it-  >olid  contents  in  a  way  some- 
what different,  \\  ith  the  same  lorn: 

A  B  C  1),  in  Figure  L'.  ivpiv.M-nt  the  Lase  end  of  tlie  wedge; 
and*/  //  the  ed^e  or  sharp  end;  ent  the  wedge  diagonally  through 
the  plane  A  B  C.  The  ^  ilius  divided  into  two  pyramids: 

A    B  C  D  b,  and  a  b  B  C;  the  pyramid  A  B  C  D  b  hem-  a  four- 
ami   the   pyramid  a&BC  being  a  triangular  or  tl: 
•1    one.       We   may    further   cut    the   four-sided   pyramid    in    the 
plane  b  B  D,  which  divides  that  pyramid  into  two  three-sided  pN  ra- 
mids.      The  wedge  will   then  enn-i-t  of  three   triangular  pyramids; 
but,  as  the  same  rule  for  determining  the   enhes   applies    to   tl 
four,   and    many-sided   jiyramids.  we  shall,   in   our  further    in\ 

be   mensuration  of  the  wed-j,-e,  <.nly   use   the   four-sided 

pyramid,   in    connection   with   the   hlind    pyramid  a  I    B   C;    (this 

»   named    1» -cause   it  presents    no  area   in  either  of  the 

surfaces  of  the   cross   section  of  a  cut   in  a   railroad  excavation.) 

Pyramid^  of  this   character  enter   into   the   calculations  of   nearly 

•ON  sertioii.  and  my  prim-ipal  ohject  in    introducing  it  in  the 

ired  •  the  ]•;•.  beating  the  metli.nl  of  computing  its 

solid  contents. 

If  we  now  compare  the  solid  content.  ,,f  the  four-sided  pyramid, 
it  will  1.  d  that  we  make  use  of  the  \\hole  area  of  the  base 

the  Wedge,  and  add  thereto  r,,Ur  times  the  ijuarter  area  of  the 
base:  which  «juarter  is  e.|ital  to  one  half  the  area  of  the  middle 
section  of  the  wedi-v  :  this  sum.  divided  by  six.  and  the  ijuotieiit 
multiplied  by  the  length  of  the  wed-  ih"  solid  contents  of 
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the  pyramid.     Then,  to  complete   the  meaMiroment  of  the  veilge, 
according  to  the  rule  ;   having  divided   the  area  of  the  base,  plus 
times  one   fourth  of  the  area  of  the  hase.  eto. ;  as  explained 
•mainder  of  the  area  of  the  middle  section  will  of  course 
be  equal  to  one  fourth  of  the  area  of  the  hase :  which,  multiplied  by 
!uct  divided    by  six,  and  the  quotient  multiplied  by  the 
.th  of  the  wedire,  the  operation  will  he  complete  :  (undha\e 
performed  in  a  different  method,)  the  result  bein^   the  same  as  in 
•ion  ('_'.) 

•  aid  however  mention,  that    we   found  by  equation  ('2)  that 

middle  area  of  the  as  equal  to  half  the  area  of  the 

base:  and,  in  moa>urin»;  the  four-sided  pyramid,  the  middle  area  of 

which  is  equal  to  one  quarter  of  the  area  of  the  base,  of  course  it 

jual  to  one  half  of  the  middle  area  of  the  ,  leaving  the 

other  half  for  the  middle  area  of  the  blind  pyramid. 

lueidate  this,  let  us  introduce  the  calculations, 

Using  tl.  in  the  mensuration  of  tho 

lie  base  a  X  <i  =  </'.  the  middle  area  4  a 

x  |<i=         ••.•!..(«'  •  ;••'<).*=  '•;•  ( 

In   the   mensuration  of  the  blind   pyramid  a  b  B  (\  we  ]\i\\ 
middle  qual    to  //.  and  11  ('  IK-MILT  also  equal 

\a  x  Jn  =  1  :  (»-j«)./,=  "';  ( 

If  we   now   add    t  ;    and    I.) 

•ii    will    }N>    equal    to   the   roiitents  of   the    wed-e.  a*  found   ill 

irati..n  of  the  blind  pyra- 
mid tie,      As    a    further    pi- 


[Fia.    27.] 
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now  measure  the  blind  pyramid  in  this  manner.     Making  a  B  C 
base,  and  a  b  the  height,  which  we  shall  denote   by  h;   then, 

according  to  rule,  and  using  the  same  notation,  wo  lm\ v 

{*<.*  +  (*«  xM).«^  .  a  =  a>b*   (.1:) 
-ame  as  in  equation  (4.) 

We  might  produce  a  great  variety  of  proofs  to  show  the  accuracy 
of  the  rule.  Thus,  if  we  should  endeavor  to  measure  a  four-tided 
square  parallelepiped  by  the  rule,  the  simplest  manner  of  proceed- 
ing will  be  to  divide  it  into  two  wedges,  and  then  apply  the  rule: 
or,  we  may  cut  off  four  pyramids,  leaving  a  large  blind  pyramid, 
which,  in  on  •rininc  its  contents,  will  require  that  we  should 

rinine  the  length  of  the  diagonals,  (this  method  will   1»-  l 
only  when  the  diagonals  are  at  right  angles),  and  then  multiplied 
into  each  other,  will  give  four  times  the  middle  area  required  :  this. 
divided  by  six,  and  multiplied  by  the  length,  will   «jive  the  solid 
contents  of  the  blind  pyramid. 

But,  this  last  method  is  somewhat  complicated,  inasmuch  as  we 
should  be  obliged  to  find  the  diagonals  by  extracting  their  sqi 
roots  from  the  sum  of  the  squares  of  t)i<>  otli 
find  the  diagonal  by  trigononx  try.      I  shall,  th 
example  of  detenniimiur  tin-  cubic  contents  of  the  parallelepiped, by 
dividing,  first,  into  two  wedges.     This  examp  <-  m< -rely  as 

an  illustration  of  tin*  method. 

Retaining  th  n,  we  have  tor  the  measurement  of 

apparent  pyramids,  the  bases  and  four  time-  the  middle  area  of 

each  pyramid,  equal  to  twice  the  area  of  the  bates.    See  <><j nation 

(1,)  which,  for  both  pyramids,  is  equal  to  4  as,  and   L  ur  times  the 

middle  area  of  on-  «.f  the  Mind  pyramids,  will  IN-  „  X  a  ••  a9  en<  h  : 
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there  boini:  two  of  them.  wo  lia  .  fore.  4  a1  +  l!  tf  =  t>  a*, 

and   !"j  *    =  a*  h  ;  the  same  result  as  by  tlio  ordinary  method  of 
:-mininir  the  cubi.  >  of  a  parallelopiped. 


Of  c  .<•  above  is  Hot  tlio  most  convenient  method.  but 

serve  to  show  tlio  application  of  tlio  rule  to  tbo  measurement  of  tlio 
trust  nun  of  a  pyramid. 

The   rule    is    also   peculiarly    applicable   to   tb«-  •••ment    of 

_:vs   in  which  ono  end   is  wider    than    tlio  other,  and    to  almost 
jtnv  iina^-inablo  which  is  bounded  by  ri»-bt   lines  and   plane 
surf;, 


will  now  o-ive  the  calculations  of  a  few  imaginary  ii^ures  of 
diti'en>nt  forms,  after  the  manner  of  our  practice,  to  determine  the 
cubi.  .--vations.  embankmeii; 

(6$)  L--t  A.  BOIL  K  represent  one  end  of  the  ed  section, 

which  we  will  denominatr  No.  l.iin  l-'i^.  L'7.)  and  1)  \\  F  (  1  ^\I  11.  the 

other  end.  which  we  denominate  No.  L'.      After   pri-parm*--  di;ti:ranis 

he  ends  o  •••tions,  and  marking  the  bei^-hts  of  the  points 

A   I)('ofdi;i  ".  1.  and  of  D  E  F  in  No.  1'.  \\e  then  divide  the 

into  iiu'iires  which  we  shall  now  proceed  to  describe. 

ily.  we  divide  No.  1  by  the  per]»endicular  line  L    B,  the  jx.int 
nti;i'_f  the  centre  of  the  road  bod. 

udly,  draw  the  line  A  0  parallel  to  the  base,  or  the  road  bed, 
K  1  :  which  i<  alwav-  level 

Thirdly,  dra\v   the   line    li  <t   parallel    to   the   line    K    1:   then    the 
u'ram  will  be  divided  into  the  triangles  A    II  e  and  \\  ('  a,  and  the 
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trap .-/"ids  A  K  L  0  ami  1>  L  1  </.    Wo  now  propose  for  tlio  dhnon- 
thai  K  L  and  L  I  shall  each  bo  !'  1'oot  lon«r.  aiul  that   tbo  height  of 
.:.t  ,,f  i;  .s  feet,  tin-  hei-ht  of  C  li*  feet     In 
order  to  dotormino  tho  areas  of  the  above  mentioned  trapezoids  and 
rerniino  tho  length  of  tlio  lines  A  «•  and  B  a; 
lonirth  of  A  0  ln-iiio-  «-,|nal  to  tho  height  of  A,  plus  one  half  tho 
:-  K   L.  upon  tho  supposition   that   tho  slopes  of  tho 
!«>  two.     Thus, 

The  height  of  A =    4  feet 

i  "  " =2 

KL  =9 

Lenfth  of  A  c =  15  feet 

which  we  mark  upon  diagram  No.  1. 

To  find  tho  lonn-th  of  li  ,i.  we  have  tho  height  of  B  L  +  J  the 
L  +  L  1=  JU.     Thus, 

The  helfht  ofBL  =8foet 

\  •»  « =4 

Leofth  of  I.  1  =    9 

Leocth  of  B  a  =  21  feet 

which  we  mark  upon  the  dJ  also. 

Mred  tho  <liairran: 
ofth-  uinl 

\  c  e  18  tot 

K  I. 

I  i  i)*4 

or  A  (4  e  -  a  If 

of  A  «bo»«  K  «  L  «  *    4 

:     ••  •  •  • 
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To  fiiul  the  area  of  the  trupe/oid  a  B  L  1,  we  have  found 

•  B =          21  feet 

LI =  9 

a  B  +  L  1)  .        .        .         .  .        .        =       - 

*  (•  B  +  L  I) 
Height  of  B 

Area =         120  feet 

To  tiiul  tin-  I  bfl  triangle  A  B  c,  we  have  found 

Ac  =    15  feet 

i  difference  of  heights  B  and  A         .        .        .        .        =      2 

Area     .  =    30  feet 

To  find  the  area  of  the  triangle  a  B  C,  we  have  found 

B  a =    21  feet 

4  difference  of  height!  of  C  and  B     .         .         .        .        =      2 

Area =    42  f«n 

II  i\in-  determined  the  areas  of  each  figure  composing  diagram 
No.  1,  and  marked  the  same  upon  it,  we  then  proceed  to  divide 
diagram  No.  2  into  triangles  and  trapezoids,  and  compute  their 
areas  in  a  manner  similar  in  principle  to  that  adopted  in  No.  1. 

Assuming  the  height  of  F  =  8  feet;  the  height  of  E  =  13-6 
feet;  the  height  of  D  =  10  feet;  and  G  M  and  M  H=  9  feet 
in  length  each.  Firstly,  we  have,  in  the  triangle  F  g  E, 

The  length  of  the  line  F  *,  equal  the  height  of  F    .        =     8  feet 

+  half  the  height  of  F =4 

+  GM =9 

Wherefore,  F  g =    21  f..-t 

We  then  have  half  the  (lid'erence   in    hei-liN   nf //  and    K  =  half 

the   dill',  Te,,re  nf  F   Mild    K. 
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The  height  of  F =    8      feet 

"        "  E =  13.6 


Difference         ........  2)5.6 

Half  difference  of  g  E     ......         =    2-8  feet 

We  now  find  the  area  of  the  triangle  F#E  =  lM    XI-'  '8  = 
58-8 

Secondly.  In  the  triangle  D  E  /we  have 

The  length  of  the  line  D/  equal  the  height  of  D       .  =10  feet 

+  "       "       i  D        .  =5 

+  M  H       .        .        .  =9 

Wherefore  /  D  .......  =  ITfeet 

Thru   we  have  half  the  ditlerenre   in  height  of  /'and  K  equal  to 
half  the  ditr.-ivnre  of  D  and  E  ;  thus, 

The  height  of  D     .......  =    10-00  feet 

"  E      .......  =    13-60 

Difference        ........  2)  3-60 

Half  difference         .......  =1-80 

We  now  find   the  aiva  of  th<»  triangle  D  E/  =  i>4   X    1  '8  = 

Thirdly.   To   find   tin-  aiva  of  th<-   trajK-/.,,id  I'GM^;   we  found 
in  tin-  foregoing, 


Tf 

O  M 

Ff  -r-0  M 


Tfcw,  M  O  m  brtflif  of  F 

\-.  , 

Y 


[Fie,    28. 
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Fourthly.  Then,  to  find  the  area  of  the  trapezoid  D  H  M/;  we 
find  in  the  foregoing, 

D/ =  34-00  feet 

M  H =9-00 


)33-00 


Mean  length  .......        =    lfi-5 

Then,  M  /=  height  of  D      .....        =    10-00 


Area =  165-00  feet 

Having  ascertained  the  several  areas  of  the  divisions  of  the  cross 

ions,  and  marked  the  same  upon  the  diagram,  our  next  operation 
will  be  to  ascertain  the  cubic  contents  of  that  portion  of  tin-  halt' 
n  lying  above  the  lines  F  #,  g  c,  c  A,  and  A  I'. 

(  64  )  It  will  be  evident,  from  an  inspection  of  the  drawing,  that 
the  upper  portion  of  the  half  section  may  be  divided  into  t\\o  appar- 
ent, and  one  blind  pyramid.  This  solid  admits  of  two  distinct  methods, 
or  plans  of  divisions,  so  that,  if  the  surface  is  not  twisting,  it  matters 
not  which  of  the  plans  is  adopted.  rW  the  purpose  of  a  test.  \\e 
will  consider  the  divisions  under  both  a  .rstly.  a>  represented 

in   the  drawing  of  the  ><  i    ^vondly,  as  in 

Fig.  28.    Whatever  d:  there  may  be.  it'  any.  \\  ill  IN-  >cen  in  the 

different  dimensions  the  blind  pyramid   \\ill  assume:   hence  \\e  \\  ill 
ie  ourselves  to  the  comparison  of  the  contents  of  this  solid. 

•ly.  ire  ha\e  A  c  X  g  E  =  4  times  the  centre  area  of  the 
l»lind  pyramid  :  and,  in  the  second  form,  WO  have  F^  X  c  B  »  4 
times  the  centre  area,  as  al< 

PHUT  FOSK.  ••OOVD  Pomii. 

Ff  .         m     tlMbti 


Ac  =15 

g  1  =     6t 

•  t 

4  tkM»  MkUto  uw  *   H  oo 


«  •  •     4-* 

4  UM*  alddto  MW  -  §!••• 


. 
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It    thus  appears   that    the   top  surface  i>  a  ]••  rl'«  t-i    piano:    hail   it 
i.  or   twisted,   tin-   middle   areas  of    the   hlind   pyramid 
under  both  Bfi  'iild  not  liave  hoen  alike. 

We  have  now.  in  the  remainder  of  the  first  half  section,  the 
A  K  L  eg  F  G  M.  The  lines  F  g,  G  M,  K  L,  A  c,  bein-  parallel, 
the  solid  admits  of  a  division  into  two  wedges;  and  the-e  \\edges, 
as  we  have  already  shown,  may  he  divided  into  one  apparent  and 
Mind  pyramid  each  :  the  area  !•'  //  M  (I  heini;-  the  hase  of  one  of 
the  apparent  pyramids,  and  the  area  A  <•  L  K  hoin«r  the  haso  of  the 

of  this   solid   heinii-  perfect    planes,  it   mar 

not   in   what    manner  we   form   the  wedges,  and  cnt  from  them  the 

hlind  pyramids,  as  their  combined  measurements  \\ill  he  tin-  same. 

For  example,  if  the  wedges   he  formed  hy  cutting  the  solid  through 

>ur  times   the  middle  area  of  one  of  the  hlind 

!1   he  equal  toM^r  X  A  <?,  and  four  times   the   middle 

•  •ther  will  l>e  equal    to  \<  c  X  G  M.      Or,  we  ma\    form 

i  i^es  by  cutting  the  solid  through  the  plane  K  L  //  I-':  then. 

middle   area   of   one  of  the   hlind  pyramids  \\ill  IK» 

;1    to  LcX   I1'.'/-  and    the    other   \\ill    he  e<|iial    to  ,/  M   X    '\    I 

d    further   with   our  :  ue  will  ro!ii|iaro 

:ie  hlind  pyramids  as  aace;  ]->\  hoth  methods 

of  division. 

•1\.  We  have  A  0  ,<  .M  //  =  i  be  middle  area  oi 

of  the  hlind  pyran 


Ac 


4  Una  UM  ml&lte  in*,      .  *  IM  tot 


M  I    LIE. 

.iu.  we   have    Lc    <G    M  =4    time>    the   middle   area  of  tlio 
other  Idind  pyramid.      Thu-. 


«.   M      .....  =      » 

g  iiiiilillt-  nreu       ...  .  . 

— 
middle  areas  i>f  liotli          .         .         — 

ndlv.    \Ve  have  1.  r  X    I''//  =  1  times  the  middle  aiva  of  one 
of  the  Idind  pyramids.      Thus. 


L  c       .......... 

F  g      .  .......         =    -21 

\  tiim-s  the  area  .......         =    !-  . 

.\Liain.  \ve   have    M  //  X    l\   L  =  -1    times    the   middle   area  ol"  the 
other  blind  pyramid.      Thus, 

M  g      ..........        = 

K  I  ...........         K      I 

4    t!!  .  .......  — 

Add  the  area  found  «!.  .....        =    Hi 

Sinn  «if  middle  nrra-s  of  ».ntli        .....         =  lot-  fc,  t 

lien  that    the  Computations    prove   that    the    final    result 

will  In-  the  same  under  both  methods  of  computation. 

\Ve  \\ill  now  sum  up  the  measuivmrnt   <(i'  the  snppo^rd   division^ 
of  the  first  half  section. 


EXCAVATIONS      AND      EMBANKMENTS.  183 

1st.    We  nave  the  area  of  the  base  of  the  triangle  F  g  E  A  =  58-8  feet,  and  +  4  '•-M- 

iu  middle  area  =  58-8.*    (See  Fig.  27) =     n:  s  feet 

2d.    We  have  the  area  of  the  base  of  the  pyramid  A  B  c  E  =  30  feet,  and  4-  4  times  its 

middle  area  =  30 =      60*0 

3d.    We  have  4  time,  middle  area  of  blind  pyramid  Ac  Eg  .        .        .        .        =      84  o 

4th.    We  have  the  area  of  the  base  of  the  pyramid  F  O  M  g  A  =  120  feet,  and  +  4 

times  the  middle  area  =  120 —    240-0 

5th.    We  have  the  area  of  the  base  of  the  pyramid  A  r  I.  K  g  =  48  feet,  and  +  4 

times  the  middle  area  =  48 =      %-o 

6th.    We  have  the  sum  of  the  middle  areas  of  the  remaining  two  blind  pyramids  =    156-0 


753-6 

7th.    Taking  the  length  of  the  section  =  100  feet 100 

ng  by 

Solid  content*  =  1256.0 

(  85  )  It  may  not  be  amiss  here  to  remark,  that  \\«-  aUay>.  \\hcn 
tin-  nature  of  the  ease  will  admit,  divide  cadi  section  int..  t\\o  part- 
by  a  plane  passing  through  the  vertical  lin-  id  I;  I ..  and 

compute  each  ]H.rt  ion  separately,  <  The  reason  forth 

that  a  h-vel  U  always  tak  i  he  road  IKM!  in  «  ^ 

cross  section,  and.  in  a  majority  of  the  cases  which  occur.  1' 
only  two  other  le\,-U  tak.-n  ;   \i/..  ,,n,-   at    •  the 

hit  hand  slope  stakes;  and  uh<-nr\«-r  it  I>eoome8  neoessarj  to  take 

nth-  at    th«-    ri-ht    or    h-tt  of  th.-   .-.•ntiv.  it  will  still  U-  . 

••lit   to  preserve   th<-   .•••ntre  di\i-i..n.      AIM!  it  will   \w  npjMir 

n    pe    hav,-    ,  .,in|.l.  t.-.l     ..in-    .-,,11, ^nations,    that     nur   s\st.-in 

di\i.linur  the  .-I-OHS  gcctioi  ^lef)  and  trapeKoidx.  i^  |- 


•  to  UM  early  part  of  this  itlicMrtna,  wt  prw«d  chat  tfM  Middle  area  of  a 
to  to  bus*,  was  equal  to  OM  foortli  of  the  art*  of!l«  t*st  > 
equal  to  tkat  of  the  be»r. 


USEFUL     FORMULA. 

liarly   adapted   to   this   nieth.  inputim:  cubic  contents,  and 

affords  a  very  convenient,  as  well  as  an  accurate  method  of  ascer- 
taining tln>  area  of  said  cross  section, 

re  proreed  to  tlic  coin]tutatioii  of  the  cuhic  content*  of  the 
ivmaini:  <>nd  half  M-ction.  wo  would  remark  that  the  portion 

of  th«-   second    lialf   section    which    lies    ahove    the    plane 
through  \\f  D  </.  having  its  upper  surface  much   twisted  or  \\arped, 
admits  of  t\\o  form<  of  division,  whii-h  will  lie  1'ouud  hy  eoiuputatioii 
ditlereiit    results;  one  of  which  will   l>e  applicable    t«»   one 
•11  of  surface,  and  the  other  to  another.      And  that  the  portion  of 
the  lialf  section  Ivin^  In-low  the  plain'  B/D  a  havinir  all  of  its  sur- 
Eacefl  perfect  planes,  tlie  computation  will  <rive  correct,  and  of  CO1 
like  iv.Milts.  from  whichever  of  the  forms  the  divisions  may  take. 

\\V  n. .w  proeerd    t«»   the  examination  of  the  upper  portion  of  said 
half  section. 

;ly.    If  we  sup]n»se  the   upper  surface  to  liave  this  form.  \  i/,.. 

that  of  a  plane  through  D  E  I>.  and  intersecting  in   the  line  D  li,  a 

jilaue  pas.-in^  through  D  B  C,  the  soliil  will   then   contain   only  t\\o 

n-eiit     pyramids,    with    no    hlind    jtyramid  :    vi/...    the    apparent 

j.yramids    D^'K  H  and   BaCD;   the   men-uremeiit  of  which   is  as 

folio 


••  area  of  baM<  of  1)  E  /  B  =  43-2  feet,  and  +  4  times  middle  area  =  43-8 
«  »  a  B  C  D  =  42        "      "     +  4     "          "          "     =  42 

.?  by 

Multiplying  by  the  length  of  section  


Solid  contents •  2«40  o 
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Secondly,  if  we  suppose  the  upper  surface  to  have  the  following 
form  :  viz.,  that  of  a  plane  passing  through  the  points  B  C  E,  and 
rsecting  in  the  line  C  E,  a  plane  passing  through  the  points 
C  I)  K  :  the  solid  will  then  contain  two  apparent  pyramids  and  two 
blind  pyramids,  viz.,  the  apparent  pyramids  B  a  C  E  and  D  E  /C, 
and  the  Mind  pyramids  Ca/D  andE/aB:  to  measure  which 

For  the  area  of  baae  of  D  E/  C  =  43-2  fret,  and  +  4  time*  middle  area  =  43  2  =    86  4  feet 
44           "             "          aBCE  =  42        «            +4     "          "         "     =  49  =    84'0 
"     4  time*  middle  area  of  bUad  pyramid  C  a/D  =  C  o  x/D  =  4  X  24       .        .  =96-0 
«         a  BE/=oBxE/=  21X3-6    .         .  =    75'« 

DiTiding  by 6^342  0 

;-,:  o 

Multiplying  by  length  of  section 100 

5700-0 

We  thus  find  the  upper  portion  of  the  second  half  section  under 

consideration 


For  the  lat  torn  of  aarfea  ftvea  aottd 

«         «            '•  _       .r)7l»0 

Differroce  In  ruble  fr«-i r^Mt 

•     tot 

The  wido  difference  in  the  result*  shows  the  necessity  of  n 
while  in  the  ti,-ld  the  fnrm  of  the  twisted  surface,  that  the  proper 
method  of  computation  may  be  applied.  But  it  is  not  supposed 
that  surfaces  like  those  we  have  been  considering  will  very  fre- 
quently orrur  in  practice,  at  the  engineer  would  be  likely  to  divide 
i 
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>n  into  two  or  three,  \\hich  would  have  a  tendency  to  lessen 
tin-  differences  much,     lint.  t.»  repeat,  if  t lie  form  of  a  surface  be 

-hen  the  field  \vork  is  performed,  so  that  the  proper  ton 
dividing    the    cross    section    may    he    applied,   larire    sections    may 
uently  he  computed  with  as  good  a  derive  oi'  accuracy,  or  c\.  n 
better,  than  smaller  -  without  such  notice. 

the  computation  of  the  cubic  contents  of  the  figure, 
we  h, 

The  double  area  of  the  base  of  pyramid  II  M/  Da =    330  leet 

Also    "         "         «          "  "       aBLIH =240 

Then,  4  times  the  middle  area  of  the  blind  pyramid  =/  M  X  B  a  =  21  x  10      .        .  =210 

And    4     "       "        "          "        "          «  "        =  B  L  X  M  II  =  9  X  8        .         .  =72 

Dividing  by  6)852 

142 
Multiplying  by     ....  100 


Cnblc  contents  of  a  B  LI  HM/D =    14200 

Having   thus  discussed  tlie  o]»erations  necessary  to  obtain   the 
cnhic  contents  of  every  portion  of  the  section,  we  now   add   an 
ample  of  summing  up  the  contents  after  the  manner  in  common 
practice.     Before  entering  on  our  work.  \\e  remark  that  we  contem- 
plate two  summations  :  the  first  containing  ijbe  computation  of  tin- 
upper  portion  of  the  second  half  section,  noticed  in  the  foreiroiii 
containing  no  blind   pyramid  :  and  the  second  containing  the  com- 
putation of  the  upper  ]>ortion  of  said  second  balf  section,  noticed 
as  containinu-  two  blind  pyramids. 

(0(5)  Now.  as  we  ha\e  the  areas  computed,  and  marked  upon 
tin-  diagram  of  the  cross  sections,  as  described  in  the  foregoing,  we 
have  as  follows : 
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FIBST  St-Mv  SECOND  BUMMATION. 

1    30  iK)  feet  taken  twice    =    60-00  feet  60-00  feet 

u   2    48-00     u        u        u         _    gg.oQ  96.00 

«    3    58-8       "        "        "        =  117-60  117-60 

a    4  120-00     •*        ..         ..         _  240-00  240-00 

Blind  pyramid     "    1    E  g  X  A  c  =  15  X  5-6  =    84*00  84-00 

44    2    ffMxAc  =  15X8      =120-00  120-00 

44    3    L«XGM=4X9        =    36-00  36-00 

44    5    42-00  feet  taken  twice    =    84-00  84-00 

44    6  120-00     "        4<        "        =  210-00  240-00 

7    43-2       "        "        "        =     •  86-4 

u  8  165-00  "    "    "    =  330-00  SSO'OO 

Blind  pyramid     "    l=M/xBa  =  10X21  =  210-00  210-00 

44    2=BLXMII=8X9  =    72'00  Blind  pyramid  72'00 

.'by 6)l776-00  ocX/D=4X24      =    96-00 

IM'II  E/X  B  A  =  3-6  X  21  =    75'6 


Multiplying  hy  lenitth  of «  .         .         100  Dividing  by      .         .       (, ) 

IM.I 

<  ontent*,  according  to  1st  summation  =     1096-30  yds.      Lrnmh  of  nprtion  =      100 

•.•:). 

=      105-92  Cubic  yards      . 


-Mnvil    in    tin-    Inn-M-oinn-  most 

commonly  im-t  with   in   railroad   excavations.      \\f   t'iv.jnrntl\   IIM-'-I 

with     ni..«li!:cati(,n^    IK,\\.  MtainiiiLr    ]>oint>    n.-ccs-ary     to    1.,- 

tin-  slujM-  and  en  '..-lii-vrtl  that 

tin-   iiiM-  'ill.  \\ith   a   liitlr   jinn-ti.-jil   «  \pn-i.n. •«»,  be 

•  !••«!  M>  to  arran::''  ili«-  divi-ion  of  tin-  may  bo 

so  as  to  admit  of  a  n  ;i  i\  and  ifttbfbetor] 

Wt  «"iil  1    n-niark.  tliat   tin-  ». 

w,'  have  been  «•»  ug  to  d« 

men  lie  area  •  nd  pyramid  ('  ,i  f  I )  in  tin-  -« 
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half  section,  a  trifle  larire  :  but  so  near  the  truth,  tliat  it  lias  not 
been  deemed  necessary  to  change  or  modify  the  form  of  division  or 
computation.  In  the  supposed  figure,  named  above,  which  presents 
rather  an  uncommon  case,  the  error  is  something  le>>  than  a  square 
(.  If  the  leno-th  of  tl).-  xvtion  had  heen  taken  at  some  thirty. 
or  even  tiftv  feet,  the  erroi-  would  have  heen  inueh  diminished. 

\\i-  had  thought  of  adding  some  formula  for  computing  the 
cubic  contents  of  what  we  technically  term  hoi-rowing  pits  :  hut.  . 
great  majority  of  the  figures  composing  these  pits  possess  form-  Of 
solids  so  simple  in  their  character  that  they  will,  at  lirst  thought. 
suggest  ready  and  appropriate  methods  of  computation,  we  deem 
it  unnecessary  to  further  enlarge  upon  the  subject. 


